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February 2001 Dq D!qh Prgho iru Lqwhuqdwlrqdo Erqg Pdunhwv
Kdqv GhzdfkwhuW
Fdwkrolf Xqlyhuvlw| ri Ohxyhq
Nrqvwdqwlmq Pdhv
Fdwkrolf Xqlyhuvlw| ri Ohxyhq
Devwudfw
Zh suhvhqw dqg hvwlpdwh d sduvlprqlrxv pxowl0idfwru d!qh whup vwuxfwxuh prgho iru mrlqw
erqg pdunhwv1 Zh h{whqg wkh vwdqgdug d!qh prghov e| irfxvlqj rq mrlqw pdunhwv dqg
e| lqfrusrudwlqj wkh h{fkdqjh udwh g|qdplfv lq wkh hvwlpdwlrq surfhgxuh1 Hvwlpdwlrq lv
g r q he |p h d q vr idN d o p d q o w h ud o j r u l w k p 1 Z h q gw k d wr x us d u w l f x o d uw k u h hi d f w r u
prgho lv txlwh vxffhvvixo lq wwlqj erqg fruuhodwlrqv/ erwk zlwklq dqg ehwzhhq qdwlrqdo
erqg pdunhwv1 Pruhryhu/ wkh prgho vkhgv oljkw rq vrph ri wkh prvw shuvlvwhqw sx}}ohv
lq hpslulfdo qdqfh/ h1j1 wkh XLS sx}}oh dqg wkh krph eldv sx}}oh1 Ilqdoo|/ zh dsso|
wkh prgho wr whvw iru lqwhuqdwlrqdo glyhuvlfdwlrq jdlqv lq xqkhgjhg erqg sruwirolrv/ frq0
glwlrqdo rq wkh lqirupdwlrq wkdw lv suhvhqw lq wkh whup vwuxfwxuhv ri erwk frxqwulhv1 Zh
qg wkdw h{fkdqjh udwh ulvn lv vx!flhqwo| sulfhg vxfk wkdw wkh lqfoxvlrq ri iruhljq erqgv
doorzv iru dq lpsuryhg ulvn0uhwxuq wudgh0r iurp wkh shuvshfwlyh ri d grphvwlf lqyhvwru1
Nh|zrugv= pxowl0idfwru d!qh whup vwuxfwxuh prgho/ Ndopdq owhu/ frpprq idfwru/
xqfryhuhg lqwhuhvw udwh sdulw|/ lqwhuqdwlrqdo glyhuvlfdwlrq/ h{fkdqjh udwh ulvn1
M1H1O1= F66/ H76/ J48
WFruuhvsrqglqj dxwkru= kdqv1ghzdfkwhuChfrq1nxohxyhq1df1eh/ ..65 49 659;8<1 Nrqvwdqwlmq Pdhv lv d
uhvhdufkhu ri wkh Ixqg iru Vflhqwlf Uhvhdufk 0 Iodqghuv +IZR,1 Zh wkdqn/ zlwkrxw lpsolfdwlqj/ Iudqn gh
Mrqj iru ydoxdeoh frpphqwv14 Lqwurgxfwlrq
Lq wklv sdshu zh sursrvh d prgho wr dffrxqw iru wkh lqwhughshqghqflhv erwk zlwklq dqg
ehwzhhq erqg pdunhwv1 Wkh pdlq prwlydwlrq ehklqg wklv sdshu olhv lq wkh revhuyhg kljk
fruuhodwlrqv ehwzhhq erqg |lhogv dfurvv wkh pdwxulw| vshfwuxp dqg dfurvv frxqwulhv1 Wklv
revhuydwlrq dw ohdvw vxjjhvwv wkh suhvhqfh ri d olplwhg qxpehu ri odwhqw idfwruv wkdw gulyh wkh
|lhog fxuyhv dfurvv frxqwulhv1 Wkh suhvhqwhg prgho ehorqjv wr wkh fodvv ri d!qh whup vwuxfwxuh
prghov +Gx!h dqg Ndq/ 4<<9, h{whqghg wr dq lqwhuqdwlrqdo iudphzrun1 Wkh lqwhuqdwlrqdo
h{whqvlrq lv dffrpsolvkhg wkurxjk d wkhruhwlfdo vshflfdwlrq ri *orfdo* +grphvwlf ru iruhljq,
dqg *frpprq* +lqwhuqdwlrqdo, idfwruv gulylqj wkh uhvshfwlyh lqvwdqwdqhrxv lqwhuhvw udwhv lq
erwk frxqwulhv1 Wkh edvlf lghd ri xvlqj frpprq dqg orfdo idfwruv zdv ruljlqdoo| suhvhqwhg
e| Dkq +4<<<,1 Zkloh wkh frpprq idfwru zloo pdlqo| prgho wkh lqwhuqdwlrqdo fruuhodwlrqv/
erwk wkh orfdo dqg frpprq idfwru zloo jhqhudwh wkh zlwklq pdunhw fruuhodwlrqv iru hdfk erqg
pdunhw uhvshfwlyho|1 Pruhryhu/ zh dvvxph wkh lqvwdqwdqhrxv guliw ri wkh sulflqj nhuqho ri hdfk
frxqwu| wr eh d ixqfwlrq ri wkh grphvwlf dqg frpprq idfwru rqo|/ zklovw lwv glxvlrq whup
lv dvvxphg wr eh d ixqfwlrq ri doo wkuhh idfwruv +lqfoxglqj wkh iruhljq orfdo idfwru/ wkdw lv,1
Wkh mxvwlfdwlrq iru wklv iudphzrun iroorzv iurp wkh lghd wkdw grphvwlf lqyhvwruv qrw rqo|
fduh derxw grphvwlf dqg lqwhuqdwlrqdo vkrfnv lq hydoxdwlqj wkhlu erqg sruwirolr1 Wkh| dovr
wdnh iruhljq orfdo vkrfnv lqwr dffrxqw wr wkh h{whqw wkdw wkhlu sruwirolr frqvlvwv ri iruhljq
erqgv1 Dq lpsolfdwlrq ri wklv iruhljq ulvn vsloo0ryhu hhfw lv wkdw orfdo idfwruv sod| d srvvleo|
lpsruwdqw uroh lq h{sodlqlqj erwk wkh g|qdplfv dqg wkh whup vwuxfwxuh ri ulvn suhpld lq
lqwhuqdwlrqdo pdunhwv1 Wklv sdshu frqwulexwhv wr wkh olwhudwxuh e| hoderudwlqj dqg hvwlpdwlqj
wkh prgho zlwklq d frqwlqxrxv0wlph frqglwlrqdo d!qh iudphzrun/ dorqj zlwk dq dssolfdwlrq14
Rxu sduwlfxodu mrlqw erqg pdunhw prgho lv lq wkhru|  h{leoh hqrxjk wr lqfrusrudwh ydulrxv
vw|ol}hg idfwv ri wkh lqwhuqdwlrqdo erqg pdunhwv/ vxfk dv wkh iruzdug suhplxp sx}}oh dqg
wlph0ydu|lqj fruuhodwlrqv ehwzhhq orfdo dqg iruhljq |lhogv1 Wudglwlrqdo vlqjoh pdunhw whup
vwuxfwxuh prghov +vxfk dv Gxdq dqg Vlprqdwr/ 4<<</ dqg gh Mrqj/ 5333, fdqqrw gr wklv
dqg/ khqfh/ wklv zrun fdq eh ylhzhg dv d wkhruhwlfdo h{whqvlrq wr wkhvh w|sh ri prghov1 Zh
d o v rh { w h q gw k hv w d q g d u gd ! q hp r g h o ve |l q f r u s r u d w l q jw k hh { f k d q j hu d w hg | q d p l f vl qw k h
hvwlpdwlrq surfhgxuh1 Xvlqj duelwudjh iuhh sulflqj frqglwlrqv zh ghulyh wkh sulfh g|qdplfv
dqg lqwhuuhodwlrqv dv zhoo dv wkh lpsolfdwlrqv iru h{fkdqjh udwh suhglfwlrqv1 E| h{sorlwlqj erwk
wkh furvv vhfwlrq lqirupdwlrq dv zhoo dv wkh wlph vhulhv lqirupdwlrq/ zh duh fdsdeoh ri h!flhqwo|
lghqwli|lqj wkh nh| sdudphwhuv wkdw duh ohiw xqlghqwlhg lq dq xqfrqglwlrqdo dssurdfk1 Pruh
vshflfdoo|/ wkh prgho doorzv iru lghqwlfdwlrq ri wkh grphvwlf dqg iruhljq sulfhv ri ulvn rq doo
idfwruv/ lqfoxglqj wkh grphvwlf sulfh ri ulvn rq wkh iruhljq orfdo idfwru dqg lqfoxglqj wkh erqg
idfwru sulfhv ri ulvn iru h{fkdqjh udwh xqfhuwdlqw|1 Wkh odwwhu lghqwlfdwlrq lv dffrpsolvkhg
e| lqfoxglqj wkh h{fkdqjh udwh g|qdplfv hqgrjhqrxvo| lq wkh hvwlpdwlrq surfhgxuh/ zkloh wkh
4Wr wkh ehvw ri rxu nqrzohgjh/ wkhuh lv qr vlplodu sdshu wkdw wulhv wr w wkh lqwhuqdwlrqdo erqg pdunhwv
zlwklq wkh sursrvhg iudphzrun1 Dkq uhvwulfwv klpvhoi wr dq xqfrqglwlrqdo prgho hvwlpdwlrq dqg dgyrfdwhv
wkh frqglwlrqdo dssurdfk lq klv frqfoxvlrqv1
5iruphu lv dffrpsolvkhg e| dvvxplqj wkh odwhqw idfwruv wr eh ghshqghqw1
Ixoo lghqwlfdwlrq ri wkh prgho sdudphwhuv doorzv xv wr dgguhvv lpsruwdqw lvvxhv lq lq0
whuqdwlrqdo qdqfh/ vxfk dv wkh h{lvwhqfh ri lqwhuqdwlrqdo sruwirolr glyhuvlfdwlrq jdlqv dqg
wkh xqfryhuhg lqwhuhvw udwh sdulw| +XLS, sx}}oh1 Zh dsso| wklv prgho wr wkh XN0XV mrlqw
erqg pdunhw1 Zh fkrrvh wklv sduwlfxodu pdunhw dv d uvw whvw fdvh ehfdxvh yhu| vwurqj lq0
whuuhodwlrqv kdyh ehhq uhsruwhg lq wkh olwhudwxuh1 Wdnlqj wkh ylhzsrlqw ri d XN0lqyhvwru zkr
lqlwldoo| rqo| lqyhvwv lq wkh XN/ zh vwxg| wkh txhvwlrq zkhwkhu wklv lqyhvwru fdq hqkdqfh
wkh phdq0yduldqfh fkdudfwhulvwlfv ri klv sruwirolr e| dovr lqyhvwlqj lq wkh XV pdunhw rq dq
lqvwdqwdqhrxv lqyhvwphqw krul}rq/ frqglwlrqdo rq wkh lqirupdwlrq wkdw lv suhvhqw lq erwk whup
vwuxfwxuhv1 Reylrxvo|/ wkhuh lv d wudgh0r ehwzhhq wkh dgglwlrqdo vsdqqlqj srvvlelolwlhv dqg
wkh lqfxuuhg xqsulfhg h{fkdqjh udwh ulvn lpsolhg e| wkh lqfoxvlrq ri iruhljq erqgv lq dq xq0
khgjhg sruwirolr1 Lq hvvhqfh/ wkh rxwfrph zloo ghshqg rq zkhwkhu ru qrw wkh h{fkdqjh udwh
ulvn lv vx!flhqwo| sulfhg lq wkh pdunhw1 Wkh sduw ri wkh h{fkdqjh udwh ulvn wkdw lv ruwkrjrqdo
wr wkh erqg pdunhw idfwruv uhpdlqv xqsulfhg lq rxu prgho dqg zloo vhuyh dv d ghwhuuhqw iru
lqwhuqdwlrqdo erqg glyhuvlfdwlrq1 Ilqdoo|/ zh dovr suhvhqw wkh Idpd ehwd vwdwlvwlf lpsolhg e|
rxu prgho1 Rxu prgho suhglfwv udwlrqdo ghyldwlrqv iurp XLS/ gxh wr wkh suhvhqfh ri wlph0
ydu|lqj ulvn suhpld1 Khqfh/ rxu Idpd ehwd vwdwlvwlf zloo eh pruh lq olqh zlwk wkh hpslulfdo
olwhudwxuh wkdw grfxphqwv wklv ghyldwlrq iurp XLS +Idpd/ 4<;7,1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh wkhruhwlfdo
sulflqj htxdwlrqv lpsolhg e| wkh idfwru dqg sulflqj nhuqho vshflfdwlrq1 Lq vhfwlrq 6 xqfrqgl0
wlrqdo dqg frqglwlrqdo hvwlpdwlrq uhvxowv duh suhvhqwhg/ dorqj zlwk d glvfxvvlrq1 Lq vhfwlrq 7
d phdq yduldqfh h!flhqf| dqdo|vlv lv shuiruphg rq dq lqwhuqdwlrqdo xqkhgjhg sruwirolr1 Wklv
hqdeohv xv wr hydoxdwh zkhwkhu wkh lqfoxvlrq ri iruhljq erqgv lq |rxu sruwirolr lv ehqhfldo lq
whupv ri wkh ulvn0uhwxuq wudgh0r1 Ilqdoo|/ vhfwlrq 8 suhvhqwv frqfoxvlrqv1
5 D prgho iru mrlqw erqg pdunhwv
Hqgrjhqrxv whup vwuxfwxuh prghov w|slfdoo| vwxg| d sduwlfxodu qdwlrqdo erqg pdunhw dqg
ghulyh }hur frxsrq +grphvwlf, erqg sulfhv dv d ixqfwlrq ri wkh g|qdplfv ri wkh +grphvwlf,
lqvwdqwdqhrxv lqwhuhvw udwh/ u+w,1 Wkh prgholqj ri mrlqw erqg pdunhwv qdwxudoo| h{whqgv wklv
iudphzrun dqg phuho| uhtxluhv dq dvvxpswlrq derxw wkh iruhljq lqvwdqwdqhrxv lqwhuhvw udwh/
uW+w,/ dqg derxw krz wkhvh wzr udwhv duh olqnhg wr hdfk rwkhu1 Dvvxplqj d frpsohwh suredelolw|
vsdfh +>I>S, dqg lq wkh devhqfh ri duelwudjh rssruwxqlwlhv/ rqo| whfkqlfdo frqglwlrqv duh
uhtxluhg iru wkh h{lvwhqfh ri dq htxlydohqw pduwlqjdoh phdvxuh T +Gx!h/ 4<<9/ ss1 4430444,1
Vxfk d suredelolw| phdvxuh T kdv wkh surshuw| wkdw dq| grphvwlf ru iruhljq vhfxulw| zlwk






























| ghqrwhv I|0frqglwlrqdo h{shfwdwlrq xqghu T1
Lq wklv vhfwlrq/ zh xvh duelwudjh iuhh sulflqj wkhru| wr frqvwuxfw d sduwlfxodu wkuhh idfwru
m r l q we r q gp d u n h wp r g h o 1P r u hv s h f l  f d o o | /z hg h u l y hw k hg | q d p l f vr iw k hm r l q we r q gs u l f h v
dqg wkh fruuhvsrqglqj h{fkdqjh udwh zlwklq wkh Fr{0Lqjhuvroo0Urvv +4<;8/ FLU/ khqfhiruwk,
fodvv ri prghov1 Pruhryhu/ lqvsluhg e| Dkq +4<<<,/ zh fkdudfwhul}h idfwruv dv hlwkhu *grphvwlf*/
*iruhljq* ru *frpprq*1 Qh{w wr ghulylqj wkh lpsolhg |lhog g|qdplfv zh dqdo|}h wkh lpsolfdwlrqv
iru fruuhodwlrqv dprqj |lhogv erwk zlwklq dqg ehwzhhq pdunhwv dqg iru wkh h{fkdqjh udwh
g|qdplfv1
514 Frpprq dqg orfdo idfwruv
Irupdo whup vwuxfwxuh prghov duh edvhg rq dvvxpswlrqv derxw wkh qxpehu dqg vshflf g|0
qdplfv ri wkh xqghuo|lqj vrxufhv ri xqfhuwdlqw| wkdw gulyh wkh lqvwdqwdqhrxv lqwhuhvw udwhv1
Zh vwduw r e| ghqlqj wkh grphvwlf dqg iruhljq lqvwdqwdqhrxv lqwhuhvw udwhv +u+w, dqg uW+w,/
uhvshfwlyho|, dv d!qh ixqfwlrqv ri wkhlu *orfdo* dqg *frpprq* idfwruv1 Lq sduwlfxodu/ zh dvvxph
rqh gulylqj idfwru/ I2+w,/ wkdw lv frpprq wr erwk wkh lqvwdqwdqhrxv lqwhuhvw udwh lq wkh krph
dqg iruhljq frxqwu| dqg wzr vwulfwo| orfdo idfwruv/ I￿+w, dqg I￿+w,15 Irupdoo|=
u+w,  I￿+w,.I2 +w,>
uW +w,  I2 +w,.I￿+w,=
+5,
Wkh g|qdplfv ri wkh odwhqw idfwruv duh prghohg e| phdqv ri d v|vwhp ri vtxduh0urrw gli0
ixvlrq htxdwlrqv1 Ghqh I +w, dv wkh yhfwru ri idfwruv I +w,  +I￿ +w,>I 2 +w,>I ￿+w,,
￿ dqg
ohw Z +w,  +Z￿+w,>Z 2 +w,>Z ￿ +w,,
￿ eh d yhfwru ri Zlhqhu surfhvvhv xqghu wkh klvwrulfdo
suredelolw| phdvxuh S1 Wkh g|qdplfv ri wkh idfwruv duh wkhq jryhuqhg e|=
gI +w,@N +I +w,  ,gw .	 ￿	8gZ +w,> +6,
zkhuh N> N  gldj+￿>2>￿,> ghwhuplqhv wkh frqyhujhqfh vshhg ri hdfk idfwru wrzdugv
klv xqfrqglwlrqdo phdq /  5 LU ￿1 Wkh pdwulfhv 	￿ dqg 	8 prgho wkh yduldqfh frpsrqhqw
ri wkh idfwruv1 	8 doorzv iru wlph yduldelolw| lq wkh frqglwlrqdo yduldqfh ixqfwlrq e| prgholqj









Doorzlqj ixoo lghqwlfdwlrq ri doo sdudphwhuv zkloh vwloo uhpdlqlqj sduvlprqlrxv/ zh lpsrvh
wkh iroorzlqj udwkhu vlpsoh fryduldqfh vwuxfwxuh dprqj wkh idfwruv=











Wkh orfdo idfwruv I￿ dqg I￿ duh xqfruuhodwhg exw hdfk orfdo idfwru lv doorzhg wr pryh wrjhwkhu
zlwk wkh frpprq idfwru I216 Wr nhhs wkh prgho dv sduvlprqlrxv dv srvvleoh/ zh uhvwulfw wkh
rwkhu r0gldjrqdo hohphqwv wr eh }hur1 Dv orqj dv 	￿ lv gldjrqdo/ doo idfwruv duh lqghshq0
ghqw1 Srvlwlyh +qhjdwlyh, hqwulhv iru {2￿ dqg {2￿ jhqhudwh srvlwlyh +qhjdwlyh, xqfrqglwlrqdo
fryduldqfh ehwzhhq wkh orfdo dqg wkh frpprq idfwru/ zkloh frqglwlrqdo fryduldqfhv zloo dovr
ghshqg rq wkh ohyho ri wkh idfwruv wkhpvhoyhv1 Dv vxfk wkh prgho lv vx!flhqwo|  h{leoh wr
jhqhudwh xqfrqglwlrqdo dqg frqglwlrqdo fryduldwlrq ri hlwkhu vljq lq wkh idfwruv1 Gdl dqg Vlq0
johwrq +5333, frqfoxgh wkdw lw lv lpsruwdqw iru d pxowlidfwru d!qh prgho wr shuplw qhjdwlyh
fruuhodwlrq dprqj wkh idfwruv1 Wkh g|qdplfv ri wkh idfwruv dovr ghwhuplqh wkh frqglwlrqdo
fryduldwlrq dprqj wkh idfwruv1 Wklv fryduldwlrq zloo eh sdvvhg hqwluho| rq wr wkh fryduldwlrq ri
wkh dvvhw sulfhv wkdw duh olqhdu lq wkh idfwruv +h1j1 |lhogv dqg h{shfwhg h{fkdqjh udwh uhwxuqv/
vhh ehorz,1 Wkh uvw wzr frqglwlrqdo prphqwv ri wkh idfwruv fdq eh fdofxodwhg dv +gh Mrqj/
5333,=
H| ^I +w . k,` @  .h { siNkj+I +w,  ,>









￿ h{siN+k  v,jgv>
+9,
zlwk H| wkh h{shfwdwlrq rshudwru +xqghu wkh klvwrulfdo suredelolw| phdvxuh S, frqglwlrqdo
xsrq wlph w lqirupdwlrq/ fry| wkh frqglwlrqdo idfwru fryduldqfh pdwul{/ dqg h{siN{j
gldj+h3V￿%>h 3V2%>h 3V￿%,> ;{17
Zh fkdqjh phdvxuh iurp S wr T e| dsso|lqj Jluvdqry*v wkhruhp8/ gZ￿+w,@g  Z￿+w, 
6Lw lv vwudljkwiruzdug wr vkrz wkdw qrq0gldjrqdolw| ri P￿ +dq h{whqvlrq wr wkh prgho dv sursrvhg e| Dkq, lv
d qhfhvvdu| uhtxluhphqw wr lghqwli| wkh iruhljq pdunhw sulfhv ri ulvn/ b
W
￿c' tc2cc lq d frqglwlrqdo vhwwlqj1
7Ghqlqj @￿￿ + c,d vw k hL U
￿0yhfwru wkdw vroyhv  % M LU
￿ G @
￿
￿￿% 'd P ￿_@}E%P
￿
￿o￿￿/ zh fdq uhirupxodwh
wklv frqglwlrqdo yduldqfh0fryduldqfh pdwul{ dv=
@o|d8 E| n o￿c￿ '
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zkhuh @￿￿c& lv wkh &0wk urz hohphqw lq wkh froxpq yhfwru @￿￿1 dP￿_@}E%P
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￿ h y d o x d w h gl qd q |s r l q w.|d8 E| n o ' %1
8Khuh dqg lq wkh iroorzlqj/ wkh wlogh uhihuv wr wkh ydoxh xqghu '1 Qrwh wkdw wkh iruhljq fxuuhqf| yhuvlrq ri
Jluvdqry*v wkhruhp lv zulwwhq dv=
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zkhuh [






















I￿+w,gw/z k h u h
￿
￿
lv wr eh xqghuvwrrg dv wkh sulfh ri ulvn iru idfwru l +vfdohg e| lwv
vwdqgdug ghyldwlrq iru frqyhqlhqfh,/ l @ i4>5>6j1 Khqfh/ wkh ulvn qhxwudo idfwru g|qdplfv
fdq eh zulwwhq dv=
gI +w,@  N

I +w,  

gw .	 ￿	8g  Z +w,> +;,
zkhuh  N dqg   ghqrwh wkh ulvn dgmxvwhg dqdorjxhv ri N dqg =
 N @ N  	￿>
  @  N3￿>
+<,
dqg zkhuh @gldj+￿> 2> ￿,1
515 ]hur frxsrq erqg sulfhv
Lq wklv vhfwlrq/ zh ghulyh wkh lpsolfdwlrqv ri wkh deryh frpprq0orfdo vwuxfwxuh iru wkh lqwhu0
qdwlrqdo erqg pdunhwv lq wkh devhqfh ri duelwudjh rssruwxqlwlhv1 Pruh vshflfdoo|/ zh dqdo|}h
wkh lpsolhg fryduldwlrq ehwzhhq erqgv zlwklq d qdwlrqdo dqg dfurvv qdwlrqdo erqg pdunhwv1
Dsso|lqj wklv phwkrgrorj| wr erqg kroglqj +shulrg, uhwxuqv/ zh duulyh dw d sduvlprqlrxv
ghvfulswlrq ri fryduldwlrq ri wkhvh lqglylgxdov lqyhvwphqw rssruwxqlwlhv wkdw fdq eh xvhg wr
frqvwuxfw ydulrxv qdqfldo vwdwlvwlfv rq lqwhuqdwlrqdo +khgjhg, erqgv +h1j1 gxudwlrq/ Vkdush
udwlr*v/ 111,1
Lqwxlwlyho| sxw/ duelwudjh iuhh sulflqj lpsolhv wkdw h{shfwhg uhwxuqv duh htxdo wr wkh lq0
vwdqwdqhrxv lqwhuhvw udwh ryhu doo srvvleoh lqyhvwphqw vwudwhjlhv/ xqghu T1 Ohwwlqj s+>w,@
s+>I￿+w,>I 2+w,>I ￿+w,, ghqrwh wkh sulfh dw wlph w ri d grphvwlf erqg pdwxulqj dw wlph w . 
+qrwh wkh ghshqghqfh rq wkh orfdo iruhljq idfwru,/ htxdolw| ri h{shfwhg uhwxuqv lpsolhv wkdw=
G’s+>I+w,, @ u+w,s+>I+w,,> +43,
zkhuh G ghqrwhv wkh G|qnlq rshudwru1 Xvlqj Lw÷*v ohppd wr vroyh iru wkh g|qdplfv ri wkh
erqg sulfhv dqg wdnlqj wkh h{shfwdwlrq xqghu wkh ulvn qhxwudo suredelolw| phdvxuh |lhogv
h{srqhqwldo erqg sulfh vroxwlrqv=
s+>I+w,, @ h{s
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zkhuh D+, dqg DW+, ghqrwh vfdoduv dqg E+,>E W+, duh erwk LU￿ yhfwruv +h1j1 E+,@
+E￿+,>E 2+,>E ￿+,,



























f .+ NW ,￿EW +,>
+45,
zkhuh wkh erxqgdu| frqglwlrqv duh ghqhg e| htxdwlrq +5,= Ef @+ 4 >4>3,￿>E W
f @+ 3 >4>4,￿>
Df @ DW
f @3 = Wkhvh frqglwlrqv hqvxuh wkdw htxdwlrq +5, zloo krog frqwlqxrxvo|1 Lqlwldo
frqglwlrqv iru wklv v|vwhp ri RGHv duh E+3, @ EW+3, @ +3>3>3,￿> dqg D+3, @ DW +3, @ 3=
Qrwh wkdw zh doorz wkh ordglqj ri hdfk idfwru wr eh frxqwu| vshflf/ vlqfh sulfhv ri ulvn rq hdfk
idfwru ulvn pd| glhu1 Zh zloo ohw wkh gdwd ghwhuplqh zkhwkhu qdqfldo pdunhwv lq wkh wzr
frxqwulhv sulfh wkh vrxufhv ri ulvn glhuhqwo|1 Wkh v|vwhp ri RGHv fdqqrw eh vroyhg lq forvhg
irup1 Zh xvh d vwdqgdug irxuwk rughu Uxqjh0Nxwwd surfhgxuh wr vroyh iru wkh idfwru ordglqjv
qxphulfdoo|1 Wkh surfhgxuh lv irxqg wr eh uholdeoh dqg dffxudwh iru wkh w|slfdo sureohpv
hqfrxqwhuhg lq wkh d!qh whup vwuxfwxuh olwhudwxuh1
Li zh kdyh d vroxwlrq iru wkh erqg sulfh ordglqjv/ lpsolfdwlrqv iru |lhogv +ohyhov/ fryduldqfhv
dqg fruuhodwlrqv ehwzhhq |lhogv,/ whup suhpld dqg kroglqj shulrg uhwxuqv iroorz qdwxudoo|1






















Wkh fryduldqfh ehwzhhq wzr |lhogv zlwk uhvshfwlyh pdwxulwlhv ￿ dqg 2 fdq eh vkrzq wr eh=
fry| ^|+￿>I+w . k,,>|+2>I+w . k,,` @ E+￿,
￿ ydu| ^I+w . k,`E +2,>
fry| ^|+￿>I+w . k,,>|W +2>I+w . k,,` @ E +￿,
￿ ydu| ^I+w . k,`EW +2,=
+47,
Wkh iruhljq pdunhw fdvh lv vlplodu1
Zkloh h{shfwhg kroglqj shulrg uhwxuqv xqghu wkh ulvn qhxwudo phdvxuh T zloo eh htxdo wr
wkh lqvwdqwdqhrxv ulvnohvv lqwhuhvw udwh/ wklv zloo qrw eh wkh fdvh xqghu wkh klvwrulfdo suredelolw|
phdvxuh1 Lw lv vwudljkwiruzdug wr vkrz wkdw=
G’s+>I+w,, @ G￿s+>I+w,,  E +,
￿ 	￿I+w, s+>I+w,,> +48,
:lpso|lqj wkh iroorzlqj d!qh hqgrjhqrxv ulvn suhpld rq grphvwlf erqgv= E +,
￿ 	￿I+w,=
Qrwh wkh lpsdfw ri wkh iruhljq orfdo idfwru ohyho rq grphvwlf whup suhpld +vsloo0ryhu hhfw,1
Lq wklv nlqg ri prghov/ wkh iruhljq orfdo idfwru pd| sod| d srwhqwldoo| lpsruwdqw uroh lq
h{sodlqlqj erwk wkh g|qdplfv dqg wkh whup vwuxfwxuh ri ulvn suhpld lq lqwhuqdwlrqdo pdunhwv1
Dq dqdorjrxv uhsuhvhqwdwlrq fdq eh ghulyhg iru wkh iruhljq ulvn suhpld1
Zlwklq wkh fodvv ri d!qh prghov wkh fryduldqfh ehwzhhq kroglqj uhwxuqv lv olqhdu lq wkh
idfwruv1 Li zh ghqrwh wkh uhwxuq ryhu d kroglqj shulrg k iru d erqg zlwk wlph wr pdwxulw|
￿ e| ku+k>￿,/ ￿ Ak >wkhq wkh fryduldqfh ehwzhhq wkh kroglqj uhwxuqv rq wzr erqgv zlwk


























Wkh iruhljq zlwklq pdunhw fdvh lv dqdorjrxv1
Qrwh wkdw vlqfh H|
k




lv olqhdu lq wkh idfwruv/ wkh
kroglqj uhwxuq fryduldqfh zloo eh olqhdu lq wkh idfwruv dqg wkxv e| ghqlwlrq wlph0ydu|lqj1
Wkh fryduldqfh pdwul{ ri kroglqj uhwxuqv wkxv ghshqgv rq wkh idfwru g|qdplfv dv zhoo dv
rq wkh idfwru ordglqjv +ghshqglqj rq erwk wkh idfwru g|qdplfv dqg wkh sulfhv ri ulvn,1 Qr
forvhg irup h{suhvvlrq lv dydlodeoh lq wklv vhwwlqj/ vlqfh rxu idfwruv duh ghshqghqw dffruglqj
wr +8,1 Krzhyhu/ wkh fryduldqfh pdwul{ lv hdvlo| fdofxodwhg e| phdqv ri qxphulfdo dqdo|vlv1
Reylrxvo|/ lqvwdqwdqhrxv fruuhodwlrqv fdq eh frpsxwhg dqdorjrxvo|1
516 Lqfrusrudwlqj wkh h{fkdqjh udwh g|qdplfv
Zkloh wkh dqdo|vlv lq wkh suhylrxv vhfwlrq vx!fhv wr glvfxvv prvw lvvxhv ri khgjhg sruwirolrv/
d ixoo ghvfulswlrq ri wkh fkdudfwhulvwlfv ri lqwhuqdwlrqdo sruwirolrv uhtxluhv wkh prgholqj ri wkh
h{fkdqjh udwh g|qdplfv1 Zh h{whqg wkh fxuuhqw yhuvlrq ri wkh prgho e| lqfrusrudwlqj wkh
uhodwlrq ehwzhhq h{fkdqjh udwhv dqg erqg sulfhv lq wkh prgho1 Wklv dqdo|vlv lv sxuvxhg xqghu
wkh pdlqwdlqhg dvvxpswlrq ri duelwudjh iuhh sulflqj lq frqmxqfwlrq zlwk wkdw ri frpsohwh
pdunhwv1 Krzhyhu/ zh h{solflwo| wdnh lqwr dffrxqw wkdw erqg pdunhw idfwruv h{sodlq olwwoh ri
wkh h{fkdqjh udwh yduldelolw|1 Zh gr wklv e| dvvxplqj gulylqj idfwruv iru wkh h{fkdqjh udwh
wkdw duh qrw lq wkh vhw ri wkh erqg pdunhw idfwruv1
Li pdunhwv duh frpsohwh/ h{fkdqjh udwhv sod| d ixqgdphqwdo uroh lq *htxdol}lqj* wkh gr0
phvwlf dqg iruhljq sulflqj nhuqhov/ P +w, dqg PW +w,/ uhvshfwlyho|1 Irupdoo|/ dv vkrzq lq
Edfnxv/ Iruhvl dqg Whophu +4<<;, dqg Dkq +4<<<,/ wkh h{fkdqjh udwh/ V +w,> ghqhg dv wkh
krph fxuuhqf| sulfh ri d xqlw ri iruhljq fxuuhqf|/ reh|v wkh qr0duelwudjh frqglwlrq dqg lv
hqgrjhqrxvo| ghulyhg dv=
;V +w . ,
V +w,
@




v+w . ,  v+w,@pW +w . ,  p+w . ,> +4;,
zkhuh wkh vpdoo vfulswv ghqrwh orjv/ v+w,  oqV +w, dqg p+w,  oqP +w,1
Zh dvvxph wkh iroorzlqj vshflfdwlrq iru wkh vwrfkdvwlf sduw lq wkh sulflqj nhuqho g|qdplfv





















Vhyhudo lvvxhv vkrxog eh hpskdvl}hg khuh1 Iluvw/ doo wkuhh idfwruv hqwhu lq wkh vwrfkdvwlf sduw
ri wkh sulflqj nhuqho g|qdplfv1 Wkh idfw wkdw wkh iruhljq orfdo idfwru dsshduv lq wkh glxvlrq
ri wkh grphvwlf sulflqj nhuqho lq erwk frxqwulhv lv hvvhqwldo wr wkh prgho lpsolfdwlrqv1 Dv
dujxhg e| Dkq +4<<<, dqg jlyhq lqwhjudwhg erqg pdunhwv/ grphvwlf lqyhvwruv frxog srvvleo|
fduh derxw iruhljq orfdo vkrfnv wr wkh h{whqw wkdw wkh| duh lqyhvwlqj lq iruhljq vhfxulwlhv1
Iruhljq orfdo vkrfnv gr qrw dhfw wkh lqvwdqwdqhrxv lqwhuhvw udwh dqg khqfh gr qrw hqwhu wkh
guliw whup1 Vlqfh whup suhpld duh htxdo wr wkh fryduldqfh ehwzhhq erqg uhwxuqv dqg wkh
sulflqj nhuqho fkdqjhv/ wkh iruhljq orfdo idfwru frxog vwloo sod| dq lpsruwdqw uroh lq h{sodlqlqj
erwk wkh g|qdplfv dqg wkh whup vwuxfwxuh ri ulvn suhpld lq lqwhuqdwlrqdo pdunhwv/ wr wkh
h{whqw wkdw djhqwv lqfrusrudwh wkhvh +iruhljq, vkrfnv lq wkhlu ulvn hydoxdwlrq1
Vhfrqg/ lq rughu wr dqdo|}h wkh lpsolhg h{fkdqjh udwh g|qdplfv lpsolflw lq wkh lqirupdwlrq
ri wkh |lhog whup vwuxfwxuh/ lw zloo eh hvvhqwldo wr prgho wkh fruuhodwlrq ehwzhhq wkh ulvnv
lqkhuhqw lq wkh whup vwuxfwxuh/ gZ+w,/ dqg wkh ulvnv wkdw gulyh wkh sulflqj nhuqho1 Wkhuh
lv fohduo| qr d sulrul olqn ehwzhhq wkhvh sulflqj nhuqho ulvnv dqg wkh rqhv wkdw ghvfuleh wkh
whup vwuxfwxuh1 Zh prgho wkh uhodwlrq ehwzhhq wkh sulflqj nhuqho vkrfnv dqg wkh vkrfnv lq
wkh idfwruv e| pdnlqj glvwlqfwlrq ehwzhhq sulflqj nhuqho vkrfnv wkdw duh wudqvplwwhg lqwr wkh
erqg pdunhwv/ l1h1 g] +w,> dqg wkrvh wkdw duh qrw1 Wkh odwwhu jurxs ri vkrfnv lv/ e| ghqlwlrq/
qrw lghqwldeoh zlwklq rxu sursrvhg erqg pdunhw iudphzrun dqg khqfh zh djjuhjdwh wkhp
lqwr vrph phdvxuh ri djjuhjdwh lglrv|qfudwlf ulvn/ gY￿+w, dqg gY W
￿ +w,1 Wkh uhodwlrq dprqj
wkh idfwru vkrfnv/ gZ +w,/ dqg wkh sulflqj nhuqho vkrfnv wudqvplwwhg lq wkh erqg pdunhw/
g] +w,/ lv doorzhg wr eh sduwldoo|/ dv sursrvhg e| Dkq +4<<<,1 Wklv lv udwkhu lqwxlwlyh1 Wkh
sulflqj nhuqho/ e| ghqlwlrq/ sulfhv doo dvvhwv lq wkh hfrqrp| +vhh wkh ehjlqqlqj ri vhfwlrq 5,/
lqfoxglqj/ vd|/ vwrfnv1 Khqfh/ jlyhq wkh glhuhqw yrodwlolw| g|qdplfv ehwzhhq/ vd|/ erqgv dqg
vwrfnv/ wkh xqghuo|lqj idfwruv duh ghhphg wr eh vxevwdqwldoo| glhuhqw1
Pruh irupdoo|/ zh lpsrvh wkh iroorzlqj lqvwdqwdqhrxv fryduldqfh vwuxfwxuh rq wkh vkrfnv=
<g]￿gZ￿ @ ￿gw> g]￿gZ￿ @3 >g Y ￿gZ￿ @3 >g Y ￿gY W
￿ @3
gY W
￿ gZ￿ @3 >g ] ￿gY￿ @3 >g ] ￿gY W
￿ @3 >
+53,
iru l 9@ m> l @ i4>5>6j dqg m @ i4>5>6j1
Wklv fruuhodwlrq sdwwhuq zloo eh lpsruwdqw iru wkh lghqwlfdwlrq ri wkh idfwruv dqg wkh
vshflfdwlrq ri wkh whup suhpld1 Lw zloo wxuq rxw wkdw wkh pdjqlwxgh ri ￿>l@ i4>5>6j> lv
lpsruwdqw iurp dq hpslulfdo srlqw ri ylhz wr hqg xs zlwk d Idpd ehwd frh!flhqw wkdw lv
vxevwdqwldoo| glhuhqw iurp wkh rqh lpsolhg e| XLS +vhh ehorz,1
Jlyhq wkh ghqlwlrq ri wkh sulflqj nhuqho g|qdplfv/ zh fdq ghulyh wkh h{fkdqjh udwh
g|qdplfv e| dsso|lqj Lw÷*v ohppd wr gv+w,/ gv+w,@gv+p+w,>p W+w,,=9





























Lq dsshqgl{ D/ zh vkrz wkdw wkh h{shfwhg h{fkdqjh udwh uhwxuq ryhu d glvfuhwh wlph lqwhuydo
lv dq d!qh ixqfwlrq ri wkh fxuuhqw erqg idfwruv/ I +w,1Dv l p l o d uu h v x o wl vv k r z qw rk r o gi r u
wkh frqglwlrqdo yduldqfh ri wkh h{fkdqjh udwh fkdqjhv1 Irupdoo| iru doo =
H| ^v+w . ,  v+w,` @ D7 +,.E7 +,
￿ I +w,>











































































































+4  h{si￿j,>l @ i4>5>6j=
+57,
Ilqdoo|/ zh fdq hdvlo| ghulyh wkdw wkh pdunhw sulfh ri ulvn sdudphwhuv y￿ dqg ￿/ l @ i4>5>6j/










Wklv pdunhw sulfh ri ulvn htxdolw| lv lpsruwdqw1 Lw doorzv iru wkh lghqwlfdwlrq ri wkh h{fkdqjh
udwh g|qdplfv e| phdqv ri wkh erqg pdunhw idfwruv1 Lw fdq eh frqvlghuhg d surmhfwlrq rq wkh
idfwruv ri wkh erqg pdunhw1
6 Hpslulfdo dqdo|vhv ri mrlqw erqg pdunhwv
614 Gdwd
H{srqhqwldo0d!qh prghov duh frqvlghudeo| hdvlhu wr hvwlpdwh li wkh gdwd frqvlvw ri }hur frxsrq
|lhogv1 Vxfk gdwd duh uduho| dydlodeoh/ h{fhsw iru vkruw whup pdwxulwlhv1 Wkhuhiruh/ prvw
vwxglhv xvh }hur frxsrq |lhogv wkdw duh hvwlpdwhg iurp sulfhv ri +jryhuqphqw, frxsrq erqgv1
Uhfhqwo| krzhyhu/ uhvhdufkhuv riwhq xvh wkh |lhogv dv lpsolhg e| OLERU dqg vzds udwhv
+Sld}}hvl/ 5333/ Gx!h dqg Vlqjohwrq/ 4<<<,1 Wkrxjk qrw vwulfwo| zlwkrxw ghidxow ulvn/ wkhvh
pd| eh pruh uhohydqw wkdq jryhuqphqw erqg udwhv/ vlqfh prvw lqwhuhvw udwh ghulydwlyhv duh
sulfhg e| phdqv ri OLERU dqg vzds udwhv1 Pruhryhu/ wkh| duh rqo| plqlpdoo| dhfwhg e|
fuhglw ulvn ehfdxvh ri wkhlu vshfldo qhwwlqj ihdwxuhv +Gx!h dqg Kxdqj/ 4<<9,1
Prqwko| revhuyhg OLERU udwhv ri 6/ 9 dqg 45 prqwk pdwxulwlhv duh uhwulhyhg iru wkh XN
dqg wkh XV +zh slfnhg hyhu| uvw Wxhvgd| ri hdfk prqwk iurp Gdwdvwuhdp,1 Vzds udwhv dv
zhoo iru pdwxulwlhv ri 5 wr 8 |hduv1 Zh wkhq frqvwuxfw wkh }hur0frxsrq OLERU |lhogv iurp
wkh vhpl0dqqxdoo| frxsrq edvhg vzds udwhv dffruglqj wr Sld}}hvl +5333/ s1 4:,1
Zh frqvwuxfwhg : vhulhv ri hdfk 44; prqwko| revhuydwlrqv iru hdfk frxqwu| +47 vhulhv
lq wrwdo/ qg @4 4 ; / Q @ QW @: ,1 Iluvw revhuydwlrq lv 3:@37@4<;:/o d v wr e v h u y d w l r ql v
35@45@4<<:1 Wkh dv vxfk frqvwuxfwhg +OLERU, |lhog g|qdplfv iru wkh vhohfwhg pdwxulw| vhw
duh ylvxdol}hg lq jxuh 41 Vrph ghvfulswlyh vwdwlvwlfv duh uhsruwhg lq wdeoh 41Z hf r o o h f w h g
wkh prqwko| h{fkdqjh udwh g|qdplfv iurp Gdwdvwuhdp1
Wkhuh duh vxevwdqwldo glhuhqfhv lq wkh dyhudjh whup vwuxfwxuh dqg lq wkh g|qdplfv ri wkh
whup vwuxfwxuhv ehwzhhq wkh frxqwulhv1 Wkh XN whup vwuxfwxuh lv lqyhuwhg lq wkh uvw kdoyh ri
wkh vdpsoh +dqg lv rq dyhudjh lqyhuwhg, zkloh wkh XV whup vwuxfwxuh kdv d qrupdo lqfolqdwlrq
iru wkh hqwluh vdpsoh1 Wkh dyhudjh |lhog fxuyh lv xszdug vorslqj iru wkh XV dqg lqyhuwhg
kxps vkdshg iru wkh XN +zlwk wkh kxps orfdwhg qhdu wkh rqh |hdu pdwxulw|,1 Doo |lhogv
44Iljxuh 4= Frqvwuxfwhg XV0XN +OLERU, |lhog gdwd dv lpsolhg e| vzds udwhv1
duh yhu| shuvlvwhqw/ zlwk uvw0rughu prqwko| dxwrfruuhodwlrqv ehwzhhq <<19( dqg <<1;( +qrw
uhsruwhg khuh,1 Wkh dyhudjh yrodwlolw| fxuyh/ dv phdvxuhg e| wkh vdpsoh vwdqgdug ghyldwlrq/
lv grzqzdug vorslqj iru erwk frxqwulhv1
Wkh fruuhodwlrqv dprqj |lhogv ri erqgv zlwk glhulqj pdwxulwlhv zlwklq dqg ehwzhhq wkh
qdwlrqdo erqg pdunhwv duh dovr uhsruwhg1 Lw lv qrwhzruwk| wkdw wkh fruuhodwlrqv zlwklq qdwlrqdo
erqg pdunhwv duh h{wuhpho| kljk +udqjlqj iurp d orz ri ;<( wr d kljk ri doprvw 433(,d q g
prqrwrqlfdoo| ghfuhdvlqj zlwk pdwxulw|1 Irfxvvlqj rq wkh furvv0frxqwu| fruuhodwlrqv/ zh
revhuyh vljqlfdqw dqg srvlwlyh fruuhodwlrqv/ exw wr d ohvvhu ghjuhh dqg zlwk qr vxfk fohdu
sdwwhuq1
Jlyhq wkhvh kljk fruuhodwlrqv wkh lghd ruljlqdwhg wkdw d olplwhg vhw ri idfwruv pljkw gulyh
wkh frpsohwh |lhog fxuyh ri d jlyhq pdunhw1 Zh zloo uhsruw xqfrqglwlrqdo dqg frqglwlrqdo
hylghqfh wr vxssruw dqg prwlydwh wklv vwdwhphqw1 Dovr/ zh revhuyh wkdw dqqxdol}hg prqwko|
orj h{fkdqjh udwh fkdqjhv fruuhodwh qhjdwlyho| zlwk hdfk |lhog vhulhv1 Wkh lq devroxwh ydoxh
prqrwrqlfdoo| lqfuhdvlqj fruuhodwlrq lv zhdn dqg grhv qrw h{fhhg 8( +43(, ehwzhhq wkh XN
+XV, |lhog vhulhv dqg wkh orj h{fkdqjh udwh fkdqjhv1
615 Xqfrqglwlrqdo dqdo|vlv ri mrlqw erqg pdunhwv
61514 Idfwru Dqdo|vlv
Lq rughu wr lqfuhdvh lqwxlwlrq derxw wkh sursrvhg frqglwlrqdo prgho/ zh zloo lqwurgxfh lw e|
hvwlpdwlqj lwv xqfrqglwlrqdo frxqwhusduw1 Idfwru dqdo|vlv +ID, kdv ehhq sxw iruzdug lq wkh
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Phdqv dqg vwdqgdug ghyldwlrqv duh uhsruwhg lq shufhqwdjhv s1d11 {r|n￿ vwdqgv iru wkh s1d1 prqwko| fkdqjh lq orj
h{fkdqjh udwh ehwzhhq shulrg | dqg | n 1
46olwhudwxuh dv d sduwlfxoduo| vxlwdeoh wrro wr ghdo zlwk pdq| qrlv| dqg lqghshqghqw +wkrxjk
kljko| fruuhodwhg, yduldeohv1 Wkh whfkqltxh lv urexvw wr wkh glvwulexwlrq ri wkh xqghuo|lqj
idfwruv +xqolnh wkh Ndopdq owhu, dqg wkh xqfrqglwlrqdo ruwkrjrqdolw| dprqj idfwruv lv hq0
vxuhg1 Wkh glvdgydqwdjh lv/ ri frxuvh/ wkh vdpsoh0vshflf fkdudfwhu ri wkh uhvxow dqg wkh
doprvw frpsohwh odfn ri hfrqrplf phdqlqj dwwdfkhg wr wkh idfwruv1 Lq wkh iroorzlqj/ zh zloo
wdfnoh wkh odwwhu fulwltxh e| lpsrvlqj hfrqrplf vwuxfwxuh zkloh vwloo nhhslqj wkh h{sodqdwru|












zkhuh \| lv wkh yhfwru ri ghphdqhg prqwko| |lhog fkdqjhv/ frqwdlqlqj wkh QW |lhog vhulhv ri
wkh iruhljq frxqwu| vwdfnhg xqghuqhdwk wkh Q vhulhv ri wkh grphvwlf frxqwu| +iru frqyhqlhqfh
zh dvvxph QW @ Q khqfhiruwk,/ E lv wkh vr0fdoohg idfwru ordglqj pdwul{ dqg I lv wkh yhfwru
ri idfwruv1
Wkh idfwru ghfrpsrvlwlrq surgxfhg e| d idfwru dqdo|vlv lv qrw xqltxh1 Urwdwlqj wkh
idfwruv vlpxowdqhrxvo| urwdwhv wkh idfwru ordglqjv1 Krzhyhu/ vrph urwdwlrqv pd| eh pruh
hdvlo| lqwhusuhwhg wkdq wkh ruljlqdo idfwruv surgxfhg e| wkh idfwru dqdo|vlv1 Lq olqh zlwk wkh
sursrvhg prgho ri vhfwlrq 5/ zh zdqw wr fkdqjh wkh lqwhusuhwdwlrq ri wkh idfwruv I| wr d *orfdo
XN idfwru*  I￿/ d *orfdo XV idfwru*  I￿ dqg d idfwru *frpprq* wr erwk frxqwulhv  I21W k ho r f d o
grphvwlf idfwruv duh ghqhg dv kdylqj }hur ordglqjv rq wkh lqvwdqwdqhrxv pdwxulw| iruhljq
e r q g v /k h q f hz hz l o oq h h gw rx v hv r p hn l q gr is u r { | 1 Z hl p s r v hd qr u w k r q r u p d oi d f w r u
urwdwlrq wkdw uh hfwv wkh ghvluhg ghfrpsrvlwlrq1 Wkh idfwru dqdo|vlv dvvxpswlrqv dqg wkh
ruwkrjrqdo urwdwlrq hpsor|hg lv h{sodlqhg lq ghwdlo lq dsshqgl{ E1
61515 Glvfxvvlrq
Qrwlfh wkdw zh dvvxphg lq vhfwlrq 514 wkdw phuho| wkuhh idfwruv duh dghtxdwh lq ghvfulelqj
wkh mrlqw whup vwuxfwxuh ri wkh XN0XV gdwdvhw1 Wklv lv qrw reylrxv d sulrul1 Zh zloo suhvhqw
vrph vlpsoh xqfrqglwlrqdo idfwru dqdo|vlv hylghqfh lq wklv vxevhfwlrq1 Ilwwlqj dq lqwhuqdwlrqdo
wkuhh0idfwru prgho ryhu wkh frpsohwh wlph shulrg uhvxowhg lq d h{sodqdwru| srzhuv ri <:=7(
dqg <4=6( uhvshfwlyho| rq dyhudjh ryhu doo pdwxulwlhv1 Wr jdxjh krz pxfk lv orvw e| phujlqj
wzr whup vwuxfwxuhv zh hvwlpdwhg d wkuhh idfwru prgho rq hdfk pdunhw vhsdudwho|1 Wklv
uhvxowhg lq h{sodqdwru| srzhuv ri <;=:( dqg <<=7( rq dyhudjh iru wkh XN dqg XV pdunhw1
W k ho r v vi r uw k hX Nl vq h j o l j l e o h+ 4=6( rq dyhudjh,/ zkloh wkh orvv iru wkh XV pdunhw lv
vljqlfdqwo| odujhu/ hvshfldoo| dw wkh vkruw hqg +;=4( rq dyhudjh,1 Iurp wdeoh 5/z hf r q f o x g h
wkdw wkuhh idfwruv gr d idluo| jrrg mre lq ghvfulelqj wkh mrlqw pdunhw g|qdplfv erwk wkurxjk
wlph dqg dfurvv wkh pdwxulw| vshfwuxp1 Wklv lv gxh wr wkh vljqlfdqw fruuhodwlrqv zlwklq dqg
dfurvv wkh wzr frxqwulhv frqvlghuhg1
Iljxuh 5 uhsruwv wkh fxpxodwlyh shufhqwdjh ri h{sodlqhg yduldwlrq lq wkh revhuyhg gdwd
zkhq uhvshfwlyho| 4/ 5/ dqg 6 idfwruv zhuh xvhg/ dyhudjhg ryhu doo 47 pdwxulwlhv +d 50|hdu
47Wdeoh 5= Wkuhh idfwruv shu frxqwu| yhuvxv dq lqwhuqdwlrqdo wkuhh idfwru prgho=
Krz pxfk gr zh orrvh B
Prgho XN XV XN0XV
& Idfwruv 6 6 6
Pdwxulw| XN XV
6p <<19 <<16 <916 :819
9p <<18 <;1; <<16 ;91;
4|u <;1; <<19 <81< <81;
5|u <91; <<18 <81< <;15
6|u <<13 <<1: <;1: <918
7|u <<14 <<1< <;18 <71:
8|u <;13 <<17 <:14 <41:
dyhudjh <;1: <<17 <:17 <416
Wkh wdeoh suhvhqwv h{sodlqhg xqfrqglwlrqdo ydul0
dqfh vwdwlvwlfv iru wkh frpsohwh vdpsoh +Dsulo :/
4<;: xqwlo Ghfhpehu 5/ 4<<:,1 Zh uhsruw uhvxowv
iru glhuhqw vhwwlqjv= 6 idfwruv iru wkh : pdwxulw|
XN vdpsoh/ wkh vdph iru wkh XV/ dqg qdoo| wkh
60idfwru 47 pdwxulw| fdvh iru wkh mrlqw XN0XV pdu0
nhw1
prylqj zlqgrz zdv xvhg/ iru ixuwkhu ghwdlov vhh Eolvv/ 4<<:,1 D vlqjoh idfwru h{sodlqv dw ohdvw
73( wkurxjkrxw wkh zkroh shulrg xqghu frqvlghudwlrq1 Dgglqj wzr idfwruv udlvhv wkh lqwhuhvw
udwh yduldwlrq h{sodlqhg wr dw ohdvw <3( ryhudoo1 Wkh delolw| ri d ihz idfwruv +qrw wlhg wr dq|
sduwlfxodu wkhru|, wr h{sodlq fkdqjhv lq lqwhuhvw udwhv lv uhpdundeo| frqvwdqw1 Iurp 4<<6
rqzdugv/ fxpxodwlyh h{sodqdwru| srzhu zdv vrphzkdw orzhu wkdq ehiruh1
Wkh suhylrxv qglqjv zhuh edvhg rq wkh lqlwldo idfwruv dqg ordglqjv1 Zh zdqw wr lpsrvh
pruh hfrqrplf vwuxfwxuh rq wkhvh idfwruv e| plqlpl}lqj wkh orfdo idfwru wkuhh prqwk ordg0
lqjv zlwk uhvshfw wr wkh iruhljq frxqwu|/ zkloh uhwdlqlqj wkh ruwkrjrqdolw| frqglwlrq1 Wklv
hhfwlyho| dowhuv wkh lqwhusuhwdwlrq ri wkh idfwruv lqwr orfdo dqg frpprq idfwruv dv glvfxvvhg
deryh1 Wkh h{sodqdwru| srzhu ri wkh uhvxowlqj idfwruv lv uhsruwhg lq wdeoh 61 Lw lv vhhq wkdw
fxpxodwlyh h{sodqdwru| srzhu uhpdlqv wkh vdph dv lv wr eh h{shfwhg +frpsduh zlwk wdeoh
5,1 Wkh sursruwlrqv ri wrwdo h{sodlqhg yduldqfhv ri wkh iruhljq |lhogv dffrxqwhg iru e| wkh
grphvwlf orfdo idfwru duh vpdoo exw qrq0qhjoljleoh +9=8( dqg 5=3( uhvshfwlyho| rq dyhudjh
iru XN dqg XV/ txdvl prqrwrqlfdoo| lqfuhdvlqj wrzdugv wkh orqj hqg +kxps dw wkh 7 |hdu
pdwxulw|,,1 Wkh h{sodqdwru| srzhu ri wkh frpprq idfwru lqfuhdvhv txdvl prqrwrqlfdoo| wr0
zdugv wkh orqj hqg ri wkh whup vwuxfwxuh/ zkloh wkh rssrvlwh hyroxwlrq lv qrwhg iru wkh orfdo
idfwruv lq wkhlu krph frxqwu|1 Zh frqfoxgh wkdw wkh hpslulfdo uhvxowv vxssruw wkh wkhruhwlfdo
vshflfdwlrq ri rxu idfwru ghfrpsrvlwlrq1 Dovr/ lq rxu h|hv/ wkh lpsruwdqfh ri wkh frpprq
idfwru lq wkh wrwdo h{sodqdwru| srzhu ri wkh idfwru prgho lv wkh wudqvodwlrq ri wkh vljqlfdqw
lqwhuqdwlrqdo fruuhodwlrqv ehwzhhq wkhvh frxqwulhv1 Ilqdoo|/ wkh hhfw ri wkh orfdo idfwru rq
wkh iruhljq frxqwu| whup vwuxfwxuh zkloh ehlqj vpdoo/ lv qrq0qhjoljleoh/ srvvleo| vljqdoolqj
48Iljxuh 5= Fxpxodwlyh yduldwlrq h{sodlqhg e| xqfrqglwlrqdo idfwru dqdo|vlv ri XN0XV mrlqw
whup vwuxfwxuh +5 |hdu zlqgrz,1
vsloo0ryhu hhfwv1
Wkhuh lv dq lpsruwdqw fdyhdw wr eh phqwlrqhg zlwk uhvshfw wr wkhvh xqfrqglwlrqdo uhvxowv/
prwlydwlqj wkh uhvhdufk iru pruh irupdo whup vwuxfwxuh prghov1 Wkh idfwruv deryh duh srvvleo|
lqfrqvlvwhqw zlwk wkh qr0duelwudjh sulqflsoh dqg vhuyh dw prvw dv d prwlydwlqj h{huflvh1 Zh
zloo qrz uhsruw wkh hvwlpdwlrq uhvxowv iurp d frqvlvwhqw duelwudjh0iuhh prgho iru wkh mrlqw
XN0XV whup vwuxfwxuh zkhuh zh h{solflwo| doorz wkh iruhljq idfwru wr sod| d uroh lq ghvfulelqj
wkh grphvwlf whup vwuxfwxuh1
616 Frqglwlrqdo dqdo|vlv ri mrlqw erqg pdunhwv
61614 Hvwlpdwlrq uhvxowv
Wkh prgho sdudphwhuv kdyh ehhq lghqwlhg xvlqj dq dssur{lpdwh Ndopdq owhu dqg txdvl
pd{lpxp olnholkrrg hvwlpdwlrq1 Wkh Ndopdq owhu surfhgxuh lv h{sodlqhg lq ghwdlo lq ds0
shqgl{ F1 Wkh hvwlpdwhg sdudphwhuv ghvfuleh wkuhh idfwruv wkdw glhu lq wkhlu udwhv ri
phdq uhyhuvlrq dqg yrodwlolw| dqg frpelqh wr uhsurgxfh wkh vkdsh ri wkh mrlqw whup vwuxfwxuh
wkurxjk wlph1 Zh vkrz wkdw rxu wkuhh idfwruv/ wkrxjk kljko| uhvwulfwhg e| wkh qdwxuh ri wkh
iudphzrun lq vhfwlrq 5/ shuirup zhoo lq wwlqj wkh 47 pdwxulw| mrlqw whup vwuxfwxuh1 Wr wklv
hqg/ zh uhsruw wkh huuruv pdgh lq wwlqj wkh fruuhodwlrqv zlwklq dqg ehwzhhq erqg pdunhwv1
Wkh txdvl pd{lpxp olnholkrrg sdudphwhu hvwlpdwhv xqghu wkh hpslulfdo suredelolw| phd0
49Wdeoh 6= H{sodlqhg yduldqfh e| ruwkrjrqdoo| urwdwhg idfwruv1
Pdwxulw| Xqlwhg Nlqjgrp Xqlwhg Vwdwhv
Wrwdo Wrwdo
ri Sursruwlrq ri Sursruwlrq
ydu1 h{sodlqhg e| ydu1 h{sodlqhg e|
h{so1 XN frp XV h{so1 XN frp XV
6p <916 <716 513 313 :819 313 591: 7;1<
9p <<16 <313 313 31< ;91; 315 671< 841;
4|u <81< :81: 51: 41: <81; 415 7717 8316
5|u <81< 591: 7415 <17 <;15 51< 8413 7716
6|u <;1: 4;16 8614 <1< <918 615 8514 7415
7|u <;18 4618 8<17 4513 <71: 61: 8516 6;1:
8|u <:14 4417 9416 441: <41: 616 8515 6914
dyhudjh <:17 7:14 761: 918 <416 513 771; 7713
Zh xvhg wkh Qhzwrq Udskvrq dojrulwkp zlwk vwhs0kdoylqj julg vhdufk dqg
lqyhuvh ri Khvvldq judglhqw fdofxodwlrq wr qg wkh rswlpdo w￿cw 2 dqg w￿1F r q 0
yhujhqfh diwhu f lwhudwlrqv/ zkhuh wkh frqyhujhqfh fulwhulrq/ edvhg rq wkh pd{0
lpxp devroxwh glhuhqfh lq erwk sdudphwhu dqg ixqfwlrqdo ydoxhv ehwzhhq wzr
vxffhvvlyh lwhudwlrqv/ lv vhw wr 4h0471
vxuh S duh suhvhqwhg lq wdeoh 71: Wkh hvwlpdwhv fkdudfwhul}h d udwkhu vorz phdq uhyhuwlqj
dqg vwdeoh frpprq idfwru/ lq frqwudvw wr idvwhu phdq uhyhuwlqj dqg yrodwloh orfdo idfwruv1
Lpsolhg kdoylqj wlphv duh dssur{lpdwho| ; prqwkv/ 4; prqwkv dqg < prqwkv uhvshfwlyho|1
Wkh fruuhvsrqglqj g|qdplfv ri wkh owhuhg odwhqw vwdwh yduldeohv wrjhwkhu zlwk wkh lpsolhg
lqvwdqwdqhrxv pdwxulw| lqwhuhvw udwhv iru erwk frxqwulhv duh vkrzq lq jxuh 61W k h sdud0
phwhu ydoxhv vhhp h{fhvvlyh frpsduhg wr wkh 60prqwk hpslulfdo phdqv lq wdeoh 4 wkdw vhuyh
dv d sur{| iru wkh ulvnohvv lqwhuhvw udwhv1 Krzhyhu/ jlyhq wkh qrq0}hur fryduldqfh ehwzhhq wkh
idfwruv/ wklv vlpsoh uhodwlrq grhv qrw krog dq|pruh1 Lqvwhdg/ zkhq xvlqj wkh hpslulfdo phdqv
iurp wkh owhuhg idfwru g|qdplfv/ zh jhw <=84(d q g8=<9( uhvshfwlyho|1
Wkh pdjqlwxghv ri wkh vwdqgdug ghyldwlrqv duh uhdvrqdeoh/ jlyhq wkdw zh duh fdswxulqj
wkh lqirupdwlrq lq wzr whup vwuxfwxuhv e| phdqv ri rqo| 6 idfwruv1 Wkh XN phdvxuhphqw
huuru vwdqgdug ghyldwlrq pdjqlwxghv duh lq olqh zlwk wkrvh ri d w|slfdo rqh idfwru prgho w/
zkloh wkrvh ri wkh XV fdq eh frpsduhg zlwk wzr idfwru wv +frpsduh h1j1 zlwk wdeohv 7 dqg
: lq gh Mrqj/ 5333,1 Wklv glhuhqfh lq w lv fohduo| ylvleoh lq jxuh 9 ehorz1 Reylrxvo|/
lqfoxglqj dq h{wud frpprq idfwru zloo lpsuryh wklv w/ exw wklv h{whqvlrq lv ohiw iru ixwxuh
:Whfkqlfdolwlhv= hvwlpdwlrq zdv shuiruphg zlwk wkh JDXVV f ? frqvwudlqhg pd{lpxp olnholkrrg +FPO,
urxwlqh/ xvlqj Qhzwrq0Udskvrq*v dojrulwkp zlwk vwhs0kdoylqj olqh vhdufk1 Wkh frqyhujhqfh fulwhulrq/ edvhg rq
wkh pd{lpxp devroxwh glhuhqfh lq erwk sdudphwhu dqg ixqfwlrqdo ydoxhv ehwzhhq wzr vxffhvvlyh lwhudwlrqv/
lv vhw wr 4h071 Frqyhujhqfh zdv irxqg wr eh uhodleoh iru d vhw ri gllihuhqw vwduwlqj ydoxhv1 Wkh +glvfuhwh,
vdpsolqj iuhtxhqf| frqvlghuhg lq wkh hvwlpdwlrq lv prqwko|/ l1h1 {' *2 Zkhq vwdwh yduldeohv wxuqhg }hur/
zh lpsrvhg wkhp wr eh }hur1 Wkxv/ wkh Ndopdq owhu hvwlpdwru lv olqhdu rqo| iru 8￿E| D f1 Sulru wr hvwlpdwlrq
rq rxu gdwdvhw/ zh fkhfnhg d vlpsohu yhuvlrq ri rxu surjudp iru fruuhfwqhvv e| uhsolfdwlqj wkh uhvxowv ri Gxdq
dqg Vlprqdwr +4<<;/ wkh Idpd ) Eolvv gdwdvhw, lq whupv ri sdudphwhu ohyhov dqg urexvw vwdqgdug huuruv1
4:uhvhdufk1 Wkh lqwhusuhwdwlrq ri kr glhuv iurp d phdvxuhphqw huuru vwdqgdug ghyldwlrq dqg
lv glvfxvvhg lq dsshqgl{ F151
Wdeoh 7= TPO sdudphwhu hvwlpdwhv iru wkh XN0XV mrlqw erqg pdunhw1
XN idfwru Frpprq idfwru XV idfwru
 413777W +31544:, 317848W +3139<3, 31<75:W +316794,
 313434W +313355, 313<58W +31335:, 313378W +313354,
 3147;<W +313538, 313896W +31337<, 3139:<W +313699,
 0314874W +316497, 0314666W +313685, 0318757W +315633,
W 0317<45 +3156<5, 0314::8W +313693, 031:6<5W +3165<:,
XN XV
k￿6 313353W +313335, 31336:W +313335,
kS6 313475W +313445, 313358W +313335,
k￿+o 313354W +313334, 31334:W +313334,
k2+o 31336<W +313336, 313336W +313333,
k￿+o 313374W +313336, 313335W +313333,
ke+o 313376W +313336, 313:46W +313333,
kD+o 31337;W +313336, 313335W +313333,
kr 3157<6W +313994, 2
￿ 313889 +313:;7,
{2￿ 03175<3W +3146<8, 2
2 314498 +31<437,
{2￿ 04173:3 +415;6;, 2
￿ 316<84 +;1<;35,
TPO hvwlpdwhv iru rxu lqwhuqdwlrqdo wkuhh idfwru FLU prgho zlwk prqwko| revhu0
ydwlrqv rq 6/ 9/ 45/ 57/ 69/ 7; dqg 93 prqwkv |lhog vhulhv iurp Dsulo 4<;: xqwlo
Ghfhpehu 4<<:1 Urexvw vwdqgdug huuruv ehwzhhq eudfnhwv +vhh dsshqgl{ F17,1 D
vwdu vxshuvfulsw ghqrwhv vljqlfdqfh dw wkh 8( ohyho1 Phdq orjolnholkrrg lv Hffb





e+o duh vfdohg lq wkh wdeoh/ wuxh rswlpdo ydoxhv duh
4333 wlphv vpdoohu1
Rq dyhudjh/ ulvn suhpld hydoxdwhg dw wkh xqfrqglwlrqdo idfwru phdqv  duh prqrwrqlfdoo|
lqfuhdvlqj dqg udqjh iurp 3=56( iru wkh wkuhh prqwk erqg wr 4=6;( iru wkh 8 |hdu erqg iru
wkh XN dqg iurp 3=63(w r4=47( iru wkh XV1 Doprvw doo pdunhw sulfhv ri ulvn sdudphwhu
hvwlpdwhv duh vwdwlvwlfdoo| vljqlfdqw/ ￿ lv wkh rqo| h{fhswlrq1 Wklv lpsolhv wkdw wkhuh lv
vljqlfdqw wlph yduldwlrq lq wkh whup suhpld1
Wkh hvwlpdwhg idfwru ordglqjv duh sorwwhg lq jxuh 71 Wkh jxuh sruwud|v wkh frpprq
idfwru dv kdylqj dq hhfw rq |lhogv wkdw ghfd|v vorzhu wkdq lwv orfdo frxqwhusduw dv pdwxulw|
lv ohqjwkhqhg1 Iru wkh XN/ wkh hhfw ri wkh grphvwlf orfdo idfwru vzliwo| glhv rxw dqg dwwdlqv
ohvv wkdq kdoi ri wkh frpprq idfwru hhfw dw wkh yh |hdu pdwxulw|1 Iru wkh XV/ lw hyhq wxuqv
4;Iljxuh 6= Ilowhuhg orfdo dqg frpprq idfwruv dqg owhuhg lqvwdqwdqhrxv lqwhuhvw udwhv1
qhjdwlyh dw wkh orqj hqg;1 Wkh iruhljq orfdo idfwru/ qdoo|/ kdv dq lqfuhdvlqj qhjdwlyh hhfw
wrzdugv wkh orqj hqg dqg fdqqrw eh qhjohfwhg1
Zh uhiudlq iurp suhvhqwlqj d irupdo Odjudqjh pxowlsolhu whvw +dv lq Gxdq dqg Vlprqdwr/
4<<<,1 Qru gr zh whvw wkh prgho vshflfdwlrq e| whvwlqj wkh uhvwulfwlrqv wkh prgho lpsrvhv
ehwzhhq wkh furvv vhfwlrqdo sulflqj htxdwlrqv dqg wkh g|qdplfv ri wkh idfwruv +vhh gh Mrqj/
5333,1 Wklv lv ohiw iru ixwxuh uhvhdufk1 Krzhyhu/ lw lv e| qrz zhoo hvwdeolvkhg wkdw wkh fodvv ri
+*frpsohwh*, d!qh prghov lv vwdwlvwlfdoo| vrxqgo| uhmhfwhg1 Jlyhq wkdw d prgho whvw lv dozd|v
d mrlqw whvw ri wkh idfwru surfhvv vshflfdwlrq dqg wkh pdunhw sulfh ri ulvn vshflfdwlrq/ wklv
dssduhqw uhmhfwlrq kdv ehhq d pdmru prwlydwlrq wr qg pruh  h{leoh sdudphwul}dwlrqv ri wkh
sulfh ri ulvn +vhh Gxduwh/ 4<<</ dqg Gxhh/ 5333,1
61615 Lpsolfdwlrqv iru erqg pdunhwv
Dv dujxhg e| Gdl dqg Vlqjohwrq +5333,/ lw lv srwhqwldoo| lpsruwdqw iru d pxowlidfwru d!qh
prgho wr shuplw qhjdwlyh fruuhodwlrq dprqj wkh idfwruv1 Zh qg hylghqfh iru qhjdwlyho|
fruuhodwhg idfwruv1 Wkh fryduldqfh ehwzhhq rxu idfwruv +2￿ dqg 2￿,g r h vq r wd o o r zx vw r
qhdwo| lvrodwh wkh lqwhusuhwdwlrq ri rxu wkuhh idfwruv krzhyhu1 Udwkhu/ zh zloo frqgxfw d
vwdqgdug lpsxovh0uhvsrqvh dqdo|vlv edvhg rq wkh xqghuo|lqj ruwkrjrqdo Zlhqhu vkrfnv gZ+w,1
;Wkh qhjdwlyh ordglqjv dw wkh orqj hqg duh fdxvhg e| wkh idfwru ghshqghqf|1 Wkh| iroorz dv wkh vroxwlrq
wr wkh v|vwhp ri RGHv wkdw dvvxuhv duelwudjh iuhh sulfhv1
4<Iljxuh 7= Idfwru ordglqjv1
Wkh hhfwv ri wkhvh Zlhqhu vkrfnv duh ylvxdol}hg lq jxuh 81 Urxjko| vshdnlqj/ d Zlhqhu 5
vkrfn vkliwv erwk |lhog fxuyhv xszdugv dqg uhsuhvhqwv dq lqwhuqdwlrqdo ohyho hhfw1 D Zlhqhu
4 vkrfn pdlqo| wlowv dqg vkliwv wkh vkruw hqg ri wkh XN whup vwuxfwxuh xszdugv +zkhuh wkh
hhfw rq wkh XV whup vwuxfwxuh lv ohvv surqrxqfhg,1 D Zlhqhu 6 vkrfn wlowv wkh XV whup
vwuxfwxuh zlwkrxw vkliwlqj lw/ zkloh uhvhpeolqj vrphwklqj ehwzhhq d ohyho hhfw dqg d wlowlqj
hhfw iru wkh XN pdunhw1 Wr vxppdul}h/ dq lpsxovh uhvsrqvh dqdo|vlv vkrzv wkdw wkuhh w|shv
ri vkrfnv duh fuxfldo wr wkh prgho= wzr sruwirolr vkliwlqj vkrfnv dqg rqh +frpprq, ohyho hhfw
vkrfn1




ri Sursruwlrq ri Sursruwlrq
ydu1 h{sodlqhg e| ydu1 h{sodlqhg e|
h{so1 grp1 ) frp1 iru1 h{so1 grp1 ) frp1 iru1
6p <<19 <<18 314 <918 <:13 0318
9p 43313 <<19 317 <;16 <:17 31<
4|u <<18 <:1: 41: <<15 <41< :16
5|u <:17 <615 715 43313 ;918 4618
6|u <916 ;:1: ;18 43313 ::1; 5515
7|u <813 :;17 4919 43313 :418 5;18
8|u <51; 991< 5913 43313 9:19 6517
Phdq <:15 ;<13 ;15 <<14 ;715 471<
Wdeoh 8 grfxphqwv wkh wrwdo h{sodqdwru| srzhu +U2 vwdwlvwlf, ri wkh lqwhuqdwlrqdo idfwru
53Iljxuh 8= Lpsxovh uhvsrqvh dqdo|vlv= wkh hhfwv ri Zlhqhu vkrfnv rq wkh XN dqg XV whup
vwuxfwxuh1
prgho dqg wkh frqwulexwlrq ri hdfk iruhljq idfwru yhuvxv wkh frpelqhg frqwulexwlrq< ri wkh
uhpdlqlqj wzr idfwruv iru hdfk frxqwu|1 Lw fdq eh vhhq wkdw wkh wkuhh idfwruv wrjhwkhu fdswxuh
prvw ri wkh yduldwlrq ri wkh |lhogv lq wkh wzr frxqwulhv +udqjlqj iurp <5=;( wr <<=<<(,1
Frpsduhg zlwk wkh xqfrqglwlrqdo h{sodqdwru| srzhu lq wdeoh 6/w k l vl vv x s h u l r ui r uw k hX V
dqg wkh vkruw hqg ri wkh XN whup vwuxfwxuh/ exw vrphzkdw lqihulru wr wkh orqj hqg ri wkh
XN whup vwuxfwxuh1 Dovr/ qrwh wkdw wkh iruhljq idfwru dffrxqwv iru idu pruh yduldwlrq lq
wkh orqj hqg wkdq zdv wkh fdvh lq wkh xqfrqglwlrqdo dqdo|vlv1 Uhphpehu wkrxjk wkdw wkh
frqglwlrqdo hvwlpdwlrq uhvxowv duh frqvlvwhqw zlwk wkh devhqfh ri duelwudjh rssruwxqlwlhv/ zkloh
wkh xqfrqglwlrqdo rqhv duh qrw1
Lq jxuh 9/ zh sorw wkh gdwd g|qdplfv wrjhwkhu zlwk wkhlu prgho wv1 Dv fdq eh lqihuuhg
iurp d ylvxdo lqvshfwlrq/ wkh prgho lv deoh wr w wkh XN dqg XV |lhog gdwd udwkhu zhoo/ wkrxjk
wkh w ghwhulrudwhv vrphzkdw wrzdugv wkh orqj +vkruw, hqg ri wkh XN +XV, whup vwuxfwxuh1
Pxowl0idfwru prghov duh ghvljqhg wr prgho wkh fruuhodwlrqv dprqj wkh glhuhqw erqgv
e| d olplwhg qxpehu ri idfwruv1 Li pxowl0idfwru prghov duh wr eh xvhg +iru sulflqj/ ulvn
pdqdjhphqw ru sruwirolr shuirupdqfh dqdo|vlv,/ wkhvh idfwruv vkrxog eh deoh wr prgho wkh
revhuyhg lqwhuqdwlrqdo fruuhodwlrqv dv zhoo1 Iurp wdeoh 9 zh vhh wkdw rxu prgho grhv idluo|
zhoo lq wwlqj wkh fruuhodwlrqv zlwklq/ exw dovr ehwzhhq erqgv/ fhuwdlqo| dw wkh vkruw hqg ri wkh
<Wkh qrq0}hur fruuhodwlrqv ehwzhhq wkh frpprq dqg grphvwlf idfwruv +%2￿ dqg %2￿, pdnh lw lpsrvvleoh wr
ghfrpsrvh wkh h{sodqdwru| srzhu ixuwkhu1
54Iljxuh 9= H{dpsohv ri prgho w= vkruw dqg orqj hqg ri wkh XN dqg XV whup vwuxfwxuhv1
mrlqw whup vwuxfwxuh1 Lq jhqhudo/ wkh wwlqj huuru grhv qrw h{fhhg 8( lq devroxwh glhuhqfhv/
exw lv idu vpdoohu iru prvw fruuhodwlrqv1
61616 H{fkdqjh udwh ulvn suhplxp dqg lpsolfdwlrqv
Zh lqfoxghg wkh dqqxdol}hg prqwko| orj h{fkdqjh udwh g|qdplfv dv wkh 48wk vhulhv1 Wkhruhw0
lfdoo| wkh prgho doorzv iru d Idpd ehwd vwdwlvwlf wkdw vxevwdqwldoo| glhuv iurp wkh rqh wkdw
lv lpsolhg e| XLS dqg/ khqfh/ rqh wkdw lv pruh lq olqh zlwk wkh grfxphqwhg iruzdug suhplxp
sx}}oh olwhudwxuh +Idpd/ 4<;7/ Idpd dqg Eolvv/ 4<;:/ Fdpsehoo dqg Vkloohu/ 4<<4,1 Exw zkdw
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55Wdeoh 9= Fruuhodwlrqv zlwklq dqg ehwzhhq wkh XN0XV erqg pdunhwv wrjhwkhu zlwk
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Wkh orzhu wuldqjxodu ri wklv wdeoh lv wkh vdph dv wkh |lhog fruuhodwlrq vxewdeoh lq wdeoh 41 Wkh xsshu wuldqjxodu
uhsruwv wkh devroxwh huuruv pdgh lq wwlqj wkh fruuhodwlrq pdwul{ zlwk rxu lqwhuqdwlrqdo 6 idfwru FLU prgho
+qhjdwlyh qxpehuv lpso| dq xqghuhvwlpdwlrq/ dqg ylfh yhuvd,1 Prqwko| revhuyhg 6/ 9/ 45/ 57/ 69/ 7; dqg 93
prqwkv |lhog vhulhv iurp Dsulo 4<;: xqwlo Mdqxdu| 4<<:1
Wkh 8￿￿￿c￿6 vwdwlvwlf htxdov 3=85 iru rxu gdwdvhw1 Wklv ghvludeoh ihdwxuh ri rxu frpprq0
orfdo idfwru prgho fdqqrw eh plplfnhg e| wudglwlrqdo idfwru prghov ri wkh whup vwuxfwxuh1 Lq
wkhvh prghov/ wkh Idpd ehwd vwdwlvwlf dozd|v h{fhhgv 4/ e| frqvwuxfwlrq1
Lqghhg/ htxdwlrq +54, lq vhfwlrq 5 jlyhv d whqwdwlyh udwlrqdo h{sodqdwlrq iru wkh uhmhfwlrq ri
wkh xqfryhuhg lqwhuhvw udwh sdulw| k|srwkhvlv1 Rxu prgho lpsolhv wkdw XLS lv h{shfwhg wr krog
rqo| lq d ulvn0qhxwudo zruog/ l1h1 li ￿ @3dqg W
￿ @3+li doo sulfhv ri ulvn duh htxdo sdluzlvh/
wkh vdph vwdwhphqw krogv,1 Lq jhqhudo dqg lq rxu vdpsoh/ ulvn dyhuvh djhqwv ghpdqg qrq0}hur
ulvn suhpld/ wkhuhe| gulylqj wkh Idpd ehwd vwdwlvwlf dzd| iurp 41 Wkh prgho vxjjhvwv wkdw wkh
lqwhuhvw udwh glhuhqwldo zloo qrw frqwdlq doo uhohydqw lqirupdwlrq zlwk uhvshfw wr wkh h{shfwhg
+lqvwdqwdqhrxv, h{fkdqjh udwh fkdqjh/ vlqfh wklv vsuhdg lv wrwdoo| lqghshqghqw ri wkh ohyho ri
wkh frpprq idfwru I2=
Xvlqj htxdwlrq +55,/ glvfuhwh wlph h{fkdqjh udwh fkdqjhv pd| eh dqdo|}hg zlwk rxu idfwru
prgho1 Iurp jxuh :/l wl vf o h d uw k d wr x ui d f w r up r g h ol vx q d e o hw r ww k hy r o d w l o hh { f k d q j h
udwh uhwxuq vhulhv/ erwk lq ohyho dqg vtxduhg1 Wkh frqfoxvlrq zrxog eh wkdw erqg pdunhwv
dffrxqw iru olwwoh yduldelolw| lq wkh h{fkdqjh udwh g|qdplfv1 Wklv lv d frpprq qglqj lq wkh
olwhudwxuh +vhh h1j1 Dkq/ 4<<<, dqg vkrxog qrw frph dv d vxusulvh jlyhq wkdw zh duh lpsrvlqj
wkh erqg pdunhw idfwruv wr w suhglfwlrqv ri h{fkdqjh udwh fkdqjhv dqg2ru yrodwlolw| dqg jlyhq
wkdw pruh idfwruv wkdq erqg idfwruv sod| d uroh lq wklv1 Frpsduhg wr d JDUFK+4/4, prgho
suhglfwlrq/ rxu prgho shuirupv zruvh lq whupv ri wkh frqglwlrqdo vwdqgdug ghyldwlrq w1 Lw
56Iljxuh := H{fkdqjh udwh uhwxuq uhodwhg prgho w= suhglfwhg ohyho dqg vwdqgdug ghyldwlrq
yhuvxv vdpsoh uhdol}dwlrq1
fdq eh vhhq wkdw rxu hvwlpdwhv duh vrphzkdw eldvhg xszdugv1 Wklv pd| eh gxh wr wkh uljlg
vshflfdwlrq ri wkh lglrv|qfudwlf ulvn1
Iru frpsohwhqhvv/ zh uhsruw hqgrjhqrxv whup suhpld lq wdeoh : +hydoxdwhg dw wkh xqfrq0
glwlrqdo idfwru phdqv,1 Zh frpsxwh whup suhpld dv wkh qhjdwlyh ri wkh fryduldqfh ehwzhhq
wkh sulflqj nhuqho uhwxuqv dqg wkh erqg uhwxuqv1 Wkh ylhzsrlqw wdnhq khuh lv wkdw ri d XN
lqyhvwru zkr lv deoh wr lqyhvw lq hlwkhu XN erqgv ru XV erqgv/ zkhuh wkh odwwhu duh wr eh
frqyhuwhg wr wkh XN fxuuhqf|1 Lq rxu prgho/ wkh grphvwlf fxuuhqf| iruhljq erqg uhwxuqv
frqwdlq dq h{wud suhplxp wr frpshqvdwh iru wkh h{fkdqjh udwh ulvn1 Wkh idfw wkdw h{fkdqjh
udwh ulvn lv sulfhg lv lq olqh zlwk wkh lqwhuqdwlrqdo duelwudjh sulflqj wkhru| dv glvfxvvhg lq
Gxpdv dqg Vroqln +4<<8,1
Lq jhqhudo/ erqg suhpld duh prqrwrqlfdoo| lqfuhdvlqj ryhu wkh pdwxulw| vshfwuxp +wkhuh
lv d voljkw kxps dw wkh orqj hqg ri wkh XV fxuyh,1 Wkh suhpld duh vlplodu lq vl}h dfurvv
wkh wzr frxqwulhv1 Wkh XN lqyhvwru wkdw lqyhvwv lq wkh XV zloo uhds dq h{wud suhplxp
iru ehdulqj h{fkdqjh udwh ulvn1 Wklv suhplxp dprxqwv wr <7 edvlv srlqwv hydoxdwhg dw wkh
xqfrqglwlrqdo idfwru phdqv1 Wklv lpsolhv wkdw wkh frpelqhg uhzdug iru lqyhvwlqj deurdg lv idu
kljkhu frpsduhg wr lqyhvwlqj grphvwlfdoo|1 Wkh ulvn ri dq lqwhuqdwlrqdo lqyhvwphqw lv kljkhu
dv zhoo wkrxjk/ dqg wkhuh lv dq lglrv|qfudwlf sduw wr wkh h{fkdqjh udwh ulvn/ qrw sulfhg lq wkh
pdunhw1 Lglrv|qfudwlf ulvn lv ghqhg khuh dv wkh ulvn wkdw lv ruwkrjrqdo wr wkh erqg pdunhw
57Wdeoh := Hqgrjhqrxv whup suhpld iru d XN lqyhvwru zlwk dq lqvwdqwdqhrxv lqyhvw0
phqw krul}rq1
Pdwxulw| Whup suhpld Whup suhpld
XN erqg lqyhvwphqw XV erqg lqyhvwphqw
wrwdo +es, erqg h{fk1u wrwdo +es,
6p 5519 571< <715 44<14
9p 7513 791: <715 4731<
4|u :51: ;41: <715 4:81<
5|u 4431: 4571< <715 54<14
6|u 45<14 47516 <715 56918
7|u 46917 4751< <715 56:14
8|u 46:19 4651: <715 5591<
Whup suhpld duh ghqrwhg lq edvlv srlqwv +es,1
idfwruv +vhh wkh glvfxvvlrq lq vhfwlrq 516,1 Zh qhfhvvdulo| dvvxphg lw wr eh frqvwdqw1 Vlqfh
wklv ulvn uhpdlqv xqsulfhg/ lw zloo vhuyh dv d ghwhuuhqw iru lqwhuqdwlrqdo erqg glyhuvlfdwlrq1
Zh zloo lqyhvwljdwh lq wkh qh{w vhfwlrq zkhwkhu wkh h{fkdqjh udwh lv vwloo vx!flhqwo| sulfhg
iru dq djhqw wr sodfh vrph zhljkw rq iruhljq erqgv/ zkhq jlyhq wkh rssruwxqlw|1 Reylrxvo|/
lq d PYH vhwwlqj/ wkhuh lv d wudgh0r ehwzhhq wkh dgglwlrqdo vsdqqlqj srvvlelolwlhv ri iruhljq
erqgv/ dqg wkh xqsulfhg h{fkdqjh udwh ulvn1
7 Dssolfdwlrq= wkh jdlqv iurp lqwhuqdwlrqdo glyhuvlfdwlrq
Wdnlqj wkh ylhzsrlqw ri d XN0lqyhvwru zkr lqlwldoo| rqo| lqyhvwv lq wkh XN/ zh vwxg| wkh
txhvwlrq zkhwkhu wklv lqyhvwru fdq hqkdqfh wkh phdq0yduldqfh fkdudfwhulvwlfv ri klv sruwirolr
e| dovr lqyhvwlqj lq wkh XV pdunhw/ zlwk dq lqvwdqwdqhrxv lqyhvwphqw krul}rq dqg frqglwlrqdo
rq wkh lqirupdwlrq wkdw lv suhvhqw lq erwk whup vwuxfwxuhv1 Dv vxfk zh fdq hydoxdwh wkh
srwhqwldo jdlqv iurp glyhuvlfdwlrq iru dq| whup vwuxfwxuh frqvwhoodwlrq lq wkh krph dqg
iruhljq pdunhw1 Wklv frqglwlrqdo dssurdfk lv qrw ihdvleoh zlwklq wkh wudglwlrqdo phdq0yduldqfh
w|sh ri dqdo|vlv1 Zh frqfhqwudwh rq wkh PYH iurqwlhuv wkdw dulvh iurp g|qdplf lqyhvwphqw
vwudwhjlhv rq wkh vkruwhvw srvvleoh wlph krul}rq1 Wkh lqvwdqwdqhrxv lqyhvwphqw krul}rq lv lq
olqh zlwk wkh sulqflsoh ri g|qdplf wudglqj +wkh fruqhuvwrqh ri wkh vxffhvv ri wkh ghulydwlyh
sulflqj wkhru|, zkhuh lqyhvwruv duh deoh wr uhedodqfh wkhlu sruwirolr frqwlqxrxvo|1 Rwkhu
lqvwdqwdqhrxv yhuvxv glvfuhwh wlph sruwirolr pdqdjhphqw lvvxhv duh glvfxvvhg lq Qlhovhq dqg
Ydvvdorx +4<<;,1 Ilqdoo|/ zh dvvxph shuihfw pdunhwv dqg wkxv ohdyh wkh lqfrusrudwlrq ri
wudqvdfwlrq frvwv dqg vkruw vdoh frqvwudlqwv iru ixwxuh uhvhdufk1
Wkh XN lqyhvwru lv doorzhg wr lqyhvw lq wkh 6 prqwk/ 9 prqwk/ 4/ 5/ 6/ 7 dqg 8 |hdu pdwxulw|
XN dqg XV erqgv1 Reylrxvo|/ kh zloo rqo| eh lqwhuhvwhg lq wkh XN fxuuhqf| ghqrplqdwhg
kroglqj shulrg uhwxuqv ri wkhvh erqgv1 Khqfh/ d uvw vwhs lq wklv dqdo|vlv frqvlvwv ri jhqhudwlqj
wkh orfdo fxuuhqf| erqg uhwxuqv ri grphvwlf dqg iruhljq erqgv1 Xvlqj Lw÷*v ohppd dqg wkh qr0
58duelwudjh frqglwlrq/ wkh lqvwdqwdqhrxv uhwxuq rq lqyhvwphqw lq grphvwlf erqgv zlwk pdwxulw|









￿ 	￿	8gZ +w,= +5;,
Qh{w wr wkh lqyhvwphqw surfhhgv iurp lqyhvwlqj lq grphvwlf erqgv/ lqyhvwruv kdyh dffhvv wr
uhwxuqv rewdlqhg iurp lqyhvwphqwv deurdg1 Wkh orfdo fxuuhqf| g|qdplfv ri wkhvh lqyhvwphqwv


























Vhyhudo lvvxhv duh qrwhzruwk| lq wklv odvw htxdwlrq1 Iluvw/ qrwh wkdw wkh sulfhv ri idfwru ulvnv
wkdw hqwhu lq wkh h{fhvv uhwxuqv ri grphvwlf fxuuhqf| ghqrplqdwhg iruhljq erqgv duh wkrvh ri
wkh krph frxqwu|/ 1 Wklv wudqvirupdwlrq ri iruhljq sulfhv ri ulvn W wr grphvwlf sulfhv ri
ulvn  lv gxh wr wkh h{fkdqjh udwh g|qdplfv1 Wkh uroh ri wkh h{fkdqjh udwh lq wklv w|sh ri
prghov lv h{dfwo| wkdw ri fkdqjlqj wklv idfwru sulfhv ri ulvn wr wkh rqh ri wkh orfdo fxuuhqf|
+vhh wkh glvfxvvlrq lq vhfwlrq 5,1 Vhfrqg/ h{fkdqjh udwh ulvn lv sulfhg +uhzdughg,/ dv vkrzq




￿,I￿ +w,gw1 Wklv lv lq olqh zlwk wkh lqwhuqdwlrqdo
duelwudjh sulflqj wkhru| olwhudwxuh +vhh Gxpdv dqg Vroqln/ 4<<8 dqg wkh uhihuhqfhv wkhuhlq,1
Wklug/ wkh g|qdplfv ri grphvwlf fxuuhqf| iruhljq erqg sulfhv duh qrw vsdqqhg e| wkh grphvwlf
erqg sulfhv vlqfh dgglwlrqdo vwrfkdvwlf frpsrqhqwv/ g]+w,/ hqwhu1 Wkhvh vkrfnv gr qrw kdyh
shuihfw fruuhodwlrq zlwk wkh vkrfnv klwwlqj wkh orfdo erqg pdunhw/ gZ+w,1 Lq sulqflsoh/ wkhq/
wkhuh frxog eh jdlqv iurp glyhuvlfdwlrq/ ghshqglqj rq wkh sulfhv ri h{fkdqjh udwh ulvn1
Irxuwk/ wkh ulvn wkdw uhpdlqv qrq0sulfhg lq wkh prgho +￿gY￿W
￿gY W
￿ , kdpshuv wkh iruhljq
erqg lqyhvwphqw1 Krzhyhu/ wklv ulvn fdq eh khgjhg e| wdnlqj rssrvlwh srvlwlrqv lq iruhljq
erqgv ri glhuhqw pdwxulwlhv/ khqfh wkh srwhqwldo jdlq uhpdlqv dq rshq txhvwlrq1
Lq rughu wr dvvhvv wkh srwhqwldo jdlqv wr lqwhuqdwlrqdo glyhuvlfdwlrq zh dqdo|}h wkh gli0
ihuhqfh ehwzhhq wkh PYH iurqwlhu ri wkh orfdo erqg pdunhw dqg wkh iurqwlhu dulvlqj lq wkh
lqwhuqdwlrqdo erqg pdunhw fdvh1 Wkhvh PYH iurqwlhuv fdq eh frqvwuxfwhg hdvlo| jlyhq wkh
deryh sulfh g|qdplfv431 Vxssrvh zh kdyh d sruwirolr zlwk orfdo fxuuhqf| ydoxh S +w,@$￿ s+w,
zlwk  s+w, dq ^5Q  4` yhfwru ri orfdo fxuuhqf| sulfhv ri grphvwlf dqg iruhljq erqgv1 Wkh sulfh
g|qdplfv ri wkh grphvwlf fxuuhqf| sruwirolr fdq eh zulwwhq frqflvho| dv=
43Qrwh wkdw d gluhfw forvhg irup vroxwlrq iru wkh plqlpxp0yduldqfh sruwirolr +Fdpsehoo/ Or dqg PdfNlqod|/
4<<:/ ss1 4;704;8, wxuqhg rxw wr eh xqihdvleoh1 Wkh kljko| fruuhodwhg erqg uhwxuqv fdxvhg wkh sruwirolr






@ $￿F￿I +w,gw . $￿F2	￿	8gZ +w,.$￿F￿Feg] +w,.$￿FDgY2> +63,
zkhuh F￿>F 2>F ￿>F e dqg FD ghqrwh dx{loldu| pdwulfhv/ ghqhg dv iroorzv1 Qrwlqj wkdw
u+w,@I￿ +w,.I2+w, zh vwdfn wkh uhvxowv iru hdfk pdwxulw| l lq wkh lwk urz ri F￿> h1j1
^4>4>3`  E +￿,
￿ 	￿1 Wkh iruhljq frxqwu| htxlydohqw lv vwdfnhg lpphgldwho| xqghuqhdwk
wkhvh/ h1j1 ^4>4>3`EW +￿,
￿ 	￿.+y￿+y￿  yW
￿,>y 2+y2  yW
2,>y ￿+y￿  yW
￿,,1 Dqdorjrxvo|/ ohw F2
eh dq ^5Q  6` pdwul{ vwdfnlqj wkh E+￿,
￿ urzv deryh wkh EW +￿,
￿ urzv1 Wkh ^5Q  6`
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mxvw d vwdqgdug Zlhqhu surfhvv1
Iurp wklv htxdwlrq zh fdq hdvlo| uhfryhu wkh lqvwdqwdqhrxv h{shfwhg uhwxuq dqg yduldqfh
























Iljxuh ; vkrzv wklv vkliw iru d qxpehu ri wlph srlqwv1 Lq jhqhudo/ wkh judskv looxvwudwh wkdw
jdlqv iurp glyhuvlfdwlrq duh frqvlghudeoh dqg +wkrxjk ohvv ylvleoh, wlph0ghshqghqw1 Qrwh wkdw
zh kdyh xvhg wkh lqvwdqwdqhrxv yduldqfh udwkhu wkdq wkh lqvwdqwdqhrxv vwdqgdug ghyldwlrq
rq wkh krul}rqwdo d{lv1 Wkh fxuyh doprvw ehfrphv d vwudljkw olqh zkhq zh sxw vwdqgdug
ghyldwlrqv rq wkh krul}rqwdo d{lv/ lq olqh zlwk zkdw zh zrxog h{shfw1
Reylrxvo|/ wkhuh lv d wudgh0r ehwzhhq wkh dgglwlrqdo vsdqqlqj srvvlelolwlhv dqg wkh lq0
f x u u h gx q s u l f h gh { f k d q j hu d w hu l v nl p s o l h ge |w k hl q f o x v l r qr ii r u h l j qe r q g vl qd qx q k h g j h g
sruwirolr1 Lq hvvhqfh/ wkh rxwfrph zloo ghshqg rq zkhwkhu ru qrw wkh h{fkdqjh udwh ulvn lv
vx!flhqwo| sulfhg lq wkh pdunhw1 Wkh sduw ri wkh h{fkdqjh udwh ulvn wkdw lv ruwkrjrqdo wr wkh
erqg pdunhw idfwruv 0wkh lglrv|qfudwlf ulvn0 uhpdlqv xqsulfhg lq rxu prgho dqg zloo vhuyh dv
d ghwhuuhqw iru lqwhuqdwlrqdo erqg glyhuvlfdwlrq1 Dssduhqwo|/ wkh +qrq0sulfhg, lglrv|qfudwlf
h{fkdqjh udwh ulvn grhv qrw rxwzhljk wkh lqfuhdvhg vsdqqlqj srvvlelolwlhv ri wkh lqfoxvlrq ri
iruhljq erqgv iru dq lqyhvwru wkdw fduhv derxw phdq dqg yduldqfh1 Sxw glhuhqwo|/ zh kdyh
irxqg wkdw h{fkdqjh udwh ulvn lv vx!flhqwo| sulfhg wr pdnh lqwhuqdwlrqdo erqg sruwirolrv vx0
shulru wr grphvwlf rqhv lq wkhlu wudgh0r ehwzhhq ulvn dqg uhwxuq1 Wklv prgho lpsolfdwlrq
fruurerudwhv wkh vr0fdoohg krph eldv sx}}oh +Iuhqfk dqg Srwhued/ 4<<4,1 Lw lv sx}}olqj zk|
sruwirolrv duh ryhuzkhoplqjo| grplqdwhg e| grphvwlf dvvhwv/ wkrxjk wkhuh duh jdlqv wr eh
uhdshg iurp lqyhvwlqj deurdg lq d PYH vhqvh1 Lw jrhv zlwkrxw vd|lqj wkdw wkh deryh judskv
5:Iljxuh ;= Frqglwlrqdo PYH iurqwlhuv iurp d XN lqyhvwru ylhzsrlqw +lqvwdqwdqhrxv lqyhvwphqw
krul}rqv,1
duh phuho| lqirupdo hylghqfh iru dq hqodujhg h!flhqw vhw1 Zh ohdyh iru ixwxuh uhvhdufk wkh
pruh irupdo phdq0yduldqfh vsdqqlqj whvwv wr dqdo|}h zkhwkhu wklv lv d vljqlfdqw uhvxow +lq
wkh vwdwlvwlfdo vhqvh/ vhh gh Urrq/ 4<<:,1
8 Frqfoxvlrqv
Zk| vkrxog rqh fduh derxw |hw dqrwkhu d!qh whup vwuxfwxuh prgho B Iluvw/ ehfdxvh rxu
prgho lv udwkhu vxffhvvixo lq fdswxulqj wkh mrlqw erqg pdunhw g|qdplfv dfurvv wlph dqg
dfurvv wkh pdwxulw| vshfwuxp/ dqg wklv ghvslwh lwv wljkw sdudphwul}dwlrq1 Vhfrqg/ ehfdxvh
lw suhvhqwv wkhruhwlfdo dujxphqwv dv wr zk| udwlrqdo ghyldwlrqv iurp XLS duh wr eh h{shfwhg
+pruhryhu/ wklv wkhruhwlfdo dujxphqw lv fruurerudwhg e| gluhfw hylghqfh,1 Ilqdoo|/ ehfdxvh rxu
prgho doorzv iru +lqwhuqdwlrqdo qdqfh, dssolfdwlrqv wkdw frqglwlrq xsrq wkh lqirupdwlrq wkdw
lv frqwdlqhg lq wkh whup vwuxfwxuh/ dqg wklv zlwklq d frqvlvwhqw dqg duelwudjh0iuhh iudphzrun1
Wkh prgho lv hvwlpdwhg xvlqj d vwdqgdug Ndopdq owhu dojrulwkp1 Wkh hpslulfdo uhvxowv
surylgh hylghqfh lq idyru ri d olplwhg qxpehu ri idfwruv/ gulylqj wkh mrlqw erqg pdunhw1 Erwk
wkh frqglwlrqdo dqg xqfrqglwlrqdo dqdo|vlv dwwulexwh pruh wkdq <3 shufhqw ri wkh g|qdplfv
ri wkh |lhog fxuyhv wr wkuhh idfwruv1 Wkh iruhljq orfdo idfwru h{sodlqv vrph ri wkh g|qdplfv ri
wkh |lhog fxuyh/ hvshfldoo| dw wkh orqjhu hqg ri wkh vshfwuxp1
5;Wkh prgho uhsruwv vljqlfdqw vwdwlvwlfdo hylghqfh iru wkh h{lvwhqfh ri wlph0ydu|lqj ulvn
suhpld1 Wkh odwwhu surylgh d whqwdwlyh h{sodqdwlrq iru wkh ghyldwlrq iurp XLS1 Lq olqh zlwk
Gxpdv dqg Vroqln +4<<8, zh qg wkdw h{fkdqjh udwh ulvn lv sulfhg lq lqwhuqdwlrqdo dvvhw
pdunhwv1 Pruhryhu/ wkh uhpdlqlqj qrq0sulfhg lglrv|qfudwlf sduw ri wkh h{fkdqjh udwh ulvn
vhhpv qrw wr rxwzhljk wkh lqfuhdvhg vsdqqlqj srvvlelolwlhv zkhq wkh sruwirolr ri d phdq0
yduldqfh rswlpl}lqj djhqw lv doorzhg wr lqfoxgh iruhljq erqgv dv zhoo1 Lq rwkhu zrugv/ zh qg
wkdw h{fkdqjh udwh ulvn lv vx!flhqwo| sulfhg wr pdnh lqwhuqdwlrqdo erqg sruwirolrv vxshulru
wr grphvwlf rqhv lq wkhlu wudgh0r ehwzhhq ulvn dqg uhwxuq +dw ohdvw dw wkh lqvwdqwdqhrxv
lqyhvwphqw krul}rq,1 Ilqdoo|/ wkh jdlqv wr glyhuvlfdwlrq duh wlph0ghshqghqw/ sohdglqj iru dq
dfwlyh lqwhuqdwlrqdo sruwirolr pdqdjhphqw/ dqg wkh| duh lq olqh zlwk wkh uhsruwhg krph eldv
sx}}oh lq dvvhw doorfdwlrq +Iuhqfk dqg Srwhued/ 4<<4,1
Ixuwkhu uhvhdufk vkrxog suhvhqw pruh irupdo whvwv derxw vrph ri wkh prgho fodlpv1 Dq
lqwhuhvwlqj h{whqvlrq lv wkh lqfoxvlrq ri d vhfrqg frpprq idfwru1 Wklv zloo hqdeoh fdswxulqj
ohvv vwurqjo| fruuhodwhg whup vwuxfwxuhv +Jhupdq|0XV h1j1,1 Pruh dssolfdwlrqv pd| eh hode0
rudwhg frqglwlrqdo rq wkh whup vwuxfwxuh lqirupdwlrq +reylrxv fdqglgdwhv duh lqwhuqdwlrqdo
sruwirolr frqglwlrqdo Ydoxh dw Ulvn ru wkh sulflqj ri furvv0frxqwu| lqwhuhvw udwh ghulydwlyhv,1
Dowhuqdwlyh prgho vshflfdwlrqv frqfhuq wkh *frpsohwh* dqg *hvvhqwldo* d!qh fdvh +iru d gh0
qlwlrq vhh Gxhh/ 5333, ru wkh Jdxvvldq fdvh zlwk h{dfw pd{lpxp olnholkrrg1 Ilqdoo|/ dq
lpsruwdqw dqg fkdoohqjlqj h{whqvlrq frxog eh wkh lqfoxvlrq ri vwrfnv lq wkh lqirupdwlrq vhw/
wkhuhe| srxulqj pruh lghqwli|lqj lqirupdwlrq lqwr wkh prgho frqfhuqlqj wkh sulflqj nhuqho
vshflfdwlrq +vhh Ehndhuw dqg Juhqdglhu/ 4<<<,1
5<Uhihuhqfhv
^4` Dkq/ G0M1 +4<<<,/ *Frpprq Idfwruv dqg Orfdo Idfwruv = Lpsolfdwlrqv iru Whup Vwuxfwxuhv
dqg H{fkdqjh Udwhv*/ Zrunlqj sdshu/ Mdqxdu|1
^5` Edfnxv/ G1/ V1 Iruhvl dqg F1 Whophu +4<<;,/ *Glvfuhwh Wlph Prghov ri Erqg Sulflqj*/
Zrunlqj Sdshu/ Rfwrehu1
^6` Edeev/ V1 dqg N1 Qrzpdq +4<<<,/ *Ndopdq Ilowhulqj ri Jhqhudol}hg Ydvlfhn Whup Vwuxf0
wxuh Prghov*/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/Y r o 16 7 /Q r 14 /P d u f k /s s 1
44804631
^7` Edoo/ F1 dqg Z1 Wrurxv +4<<9,/ *Xqlw Urrwv dqg wkh Hvwlpdwlrq ri Lqwhuhvw Udwh G|qdp0
lfv*/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ 6/ Mxqh/ 548056;1
^8` Ehndhuw/ J1 dqg U1 Juhqdglhu +4<<<,/ *Vwrfn dqg Erqg Sulflqj lq dq D!qh Hfrqrp|*/
QEHU Zrunlqj Sdshu :679/ Vhswhpehu1
^9` Eolvv/ U1 +4<<:,/ *Pryhphqwv lq wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv*/ Ihghudo uhvhuyh
Edqn ri Dwodqwd Hfrqrplf Uhylhz/ irxuwk txduwhu/ ss1 490661
^:` Eroohuvohy/ W1 dqg M1 Zrroulgjh +4<<5,/ *Txdvl0Pd{lpxp Olnholkrrg Hvwlpdwlrq dqg
Lqihuhqfh lq G|qdplf Prghov zlwk Wlph0Ydu|lqj Fryduldqfhv*/ Hfrqrphwulf Uhylhzv 44/
ss1 47604:51
^;` Fdpsehoo/ M1 dqg U1 Vkloohu +4<<4,/ *\lhog Vsuhdgv dqg Lqwhuhvw Udwh Pryhphqwv= D
Elug*v H|h Ylhz*/ Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 6/ Pd|/ 7<808471
^<` Fdpsehoo/ M1/ D1 Or/ dqg F1 PdfNlqod| +4<<:,/ *Wkh Hfrqrphwulfv ri Ilqdqfldo Pdunhwv*/
Sulqfhwrq Xqlyhuvlw| Suhvv/ Fklfkhvwhu/ Zhvw Vxvvh{1
^43` Fkhq/ U10U1 dqg O1 Vfrww +4<<6,/ *Pd{lpxp Olnholkrrg Hvwlpdwlrq iru d Pxowl0Idfwru
Htxloleulxp Prgho ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv*/ Mrxuqdo ri Il{hg Lqfrph/
Ghfhpehu/ ss1 470641
^44` Fkhq/ U10U1 dqg O1 Vfrww +4<<8,/ *Pxowl0Idfwru Fr{0Lqjhuvroo0Urvv Prghov ri wkh Whup
Vwuxfwxuh= Hvwlpdwhv dqg Whvwv iurp d Ndopdq Ilowhu Prgho*/ Zrunlqj Sdshu/ Uxwjhuv
Xqlyhuvlw|1
^45` Fr{/ M1F1/ M1H1 Lqjhuvroo/ dqg V1D1 Urvv +4<;8,1 *Dq Lqwhuwhpsrudo Jhqhudo Htxloleulxp
Prgho ri Dvvhw Sulfhv*/ Hfrqrphwulfd/ Pdufk/ yro1 86/ qr15/ ss1 69606;71
^46` Gdl/ T1 dqg N1 Vlqjohwrq +5333,/ *Vshflfdwlrq Dqdo|vlv ri D!qh Whup Vwuxfwxuh Prghov*/
Mrxuqdo ri Ilqdqfh 88/ qr1 8/ Rfwrehu/ 4<7604<:;1
63^47` gh Mrqj/ I1 +5333,/ *Wlph Vhulhv dqg Furvv0vhfwlrq Lqirupdwlrq lq D!qh Whup Vwuxfwxuh
Prghov*/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ Mxo|/ yro1 4;/ qr1 6/ ss1 63306471
^48` gh Mrqj/ I1 dqg S1 Vdqwd0Fodud +4<<<,/ *Wkh G|qdplfv ri wkh Iruzdug Lqwhuhvw Udwh
Fxuyh = D Irupxodwlrq zlwk Vwdwh Yduldeohv*/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh
Dqdo|vlv/y r o 16 7 /q r 14 /P d u f k 1
^49` gh Urrq +4<<:,/ *Hvvd|v rq Whvwlqj iru Vsdqqlqj dqg rq Prgholqj Ixwxuhv Ulvn Suhpld*/
Sk1G1 glvvhuwdwlrq/ Wloexuj Xqlyhuvlw|1
^4:` Gxdq/ M10F1 dqg M10J1 Vlprqdwr +4<<<,/ *Hvwlpdwlqj H{srqhqwldo0D!qh Whup Vwuxfwxuh
Prghov e| Ndopdq Ilowhu*/ Uhylhz ri Txdqwlwdwlyh Ilqdqfh dqg Dffrxqwlqj/ 46/ 5/ 4440
4681
^4;` Gxduwh/ M1 +4<<<,/ *Wkh Uhohydqfh ri wkh Sulfh ri Ulvn lq D!qh Whup Vwuxfwxuh Prghov*/
Mre Pdunhw Sdshu/ Qryhpehu1
^4<` Gxhh/ J1 +5333,/ *Whup suhpld dqg lqwhuhvw udwh iruhfdvwv lq d!qh prghov*/ Zrunlqj
Sdshu/ Qryhpehu1
^53` Gxhh/ J1 dqg U1 Vwdqwrq +5333,/ *HPP Hvwlpdwlrq ri D!qh dqg Qrqd!qh Whup Vwuxf0
wxuh Prghov*/ Kddv Vfkrro ri Exvlqhvv Zrunlqj Sdshu/ Vhswhpehu1
^54` Gx!h/ G1 +4<<9,/ *G|qdplf Dvvhw Sulflqj Wkhru|*/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq
Qhz Mhuvh|/ 5qg hglwlrq1
^55` Gx!h/ G1 dqg P1 Kxdqj +4<<9,/ *Vzds Udwhv dqg Fuhglw Txdolw|*/ Mrxuqdo ri Ilqdqfh/
Yro1 84/ ss1 <540<831
^56` Gx!h/ G1 dqg U1 Ndq +4<<9,/ *D \lhog0Idfwru Prgho ri Lqwhuhvw Udwhv*/ Pdwkhpdwlfdo
Ilqdqfh/y r o 19 /q r 17 /s s 16 < : 0 7 3 9 1
^57` Gx!h/ G1 dqg N1 Vlqjohwrq +4<<<,/ *Prgholqj Whup Vwuxfwxuh Prghov ri Ghidxowdeoh
Erqgv*/ Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1 45/ ss1 9;:0:531
^58` Gxpdv/ E1 dqg E1 Vroqln +4<<8,/ *Wkh Zruog Sulfh ri Iruhljq H{fkdqjh Ulvn*/ Mrxuqdo
ri Ilqdqfh/Y r o 14 /Q 15 /s s 17 7 8 0 7 : < 1
^59` Idpd/ H1 +4<;7,/ *Wkh Lqirupdwlrq lq wkh Whup Vwuxfwxuh*/ Mrxuqdo ri Ilqdqfldo Hfr0
qrplfv/ 46/ 7/ ss1 83<85;1
^5:` Idpd/ H1 dqg U1 Eolvv +4<;:,/ *Wkh Lqirupdwlrq lq Orqj0Pdwxulw| Iruzdug Udwhv*/ Dphu0
lfdq Hfrqrplf Uhylhz/ ::/ 7/ Vhswhpehu/ 9;309<51
^5;` Iuhqfk/ N1 dqg M1 Srwhued +4<<4,/ *Lqyhvwru Glyhuvlfdwlrq dqg Lqwhuqdwlrqdo Htxlw|
Pdunhwv*/ Dphulfdq Hfrqrplf Mrxuqdo/ ;4/ ss1 55505591
64^5<` Jdoodqw/ D1 dqg J1 Wdxfkhq +4<<5,/ *D Qrqsdudphwulf Dssurdfk wr Qrqolqhdu Wlph
Vhulhv Dqdo|vlv= Hvwlpdwlrq dqg Vlpxodwlrq*/ lq G1 Euloolqjhu/ S1 Fdlqv/ M1 Jhzhnh/ H1
Sdu}hq/ P1 Urvhqeodww/ dqg P1 Wdttx/ hgv1/ Qhz Gluhfwlrqv lq Wlph Vhulhv Dqdo|vlv/
Sduw LL/ :40<5/ Vsulqjhu Yhuodj1
^63` Jrqj/ I1 dqg H1 Uhprorqd +4<<9,/ *Wzr Idfwruv Dorqj wkh \lhog Fxuyh*/ Zrunlqj
Sdshu/ Fdslwdo Pdunhwv Ixqfwlrq/ Ihghudo Uhvhuyh Edqn ri Qhz \run/ iruwkfrplqj lq
Pdqfkhvwhu Vfkrro1
^64` Jrqj/ I1 dqg H1 Uhprorqd +4<<:,/ *D Wkuhh0Idfwru Hfrqrphwulf Prgho ri wkh X1V1 Whup
Vwuxfwxuh*/ I H GQ \V w d U h s r u w 1
^65` Kduyh|/ D1 F1 +4<;<,/ *Iruhfdvwlqj/ Vwuxfwxudo Wlph Vhulhv Prghov dqg Ndopdq Ilowhu*/
Fdpeulgjh Xqlyhuvlw| Suhvv1
^66` Kxoo/ M1 dqg D1 Zklwh +4<<3,/ *Sulflqj Lqwhuhvw Udwh Ghulydwlyh Vhfxulwlhv*/ Uhylhz ri
Ilqdqfldo Vwxglhv 6/ ss1 8:608<51
^67` Mhjdghhvk/ Q1 dqg J1 Shqqdffkl +4<<9,/ *Wkh Ehkdylrxu ri Lqwhuhvw Udwhv Lpsolhg e| wkh
Whup Vwuxfwxuh ri Hxur0Groodu Ixwxuhv*/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/5 ; /s s 1
75907791
^68` Oxqg/ M1 +4<<:,/ *Hfrqrphwulf Dqdo|vlv ri Frqwlqxrxv0Wlph Duelwudjh0Iuhh Prghov ri
wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv*/ Zrunlqj Sdshu/ Ddukxv Vfkrro ri Exvlqhvv/ Gh0
sduwphqw ri Ilqdqfh1
^69` Qlhovhq/ O1 dqg P1 Ydvvdorx +4<<;,/ *Shuirupdqfh Phdvxuhv iru G|qdplf Sruwirolr Pdq0
djhphqw*/ FHSU GS 4;;8/ Pd|1
^6:` Shduvrq/ Q1 dqg W1 Vxq +4<<7,/ *H{sorlwlqj wkh Frqglwlrqdo Ghqvlw| lq Hvwlpdwlqj wkh
Whup vwuxfwxuh = dq Dssolfdwlrq wr wkh Fr{/ Lqjhuvroo dqg Urvv Prgho*/ Mrxuqdo ri
Ilqdqfh/ yro1 7</ qr1 7/ ss1 45:< 0 4637/ Vhswhpehu1
^6;` Shqqdffkl/ J1 +4<<4,/ *Lghqwli|lqj wkh G|qdplfv ri Uhdo Lqwhuhvw Udwhv dqg Lq dwlrq=
Hylghqfh Xvlqj Vxuyh| Gdwd*/ Uhylhz ri Ilqdqfldo Vwxglhv/ 7/ ss1 860;91
^6<` Sld}}hvl/ P1 +5333,/ *Dq Hfrqrphwulf Prgho ri wkh \lhog Fxuyh zlwk Pdfurhfrqrplf
Mxps Hhfwv*/ Zrunlqj Sdshu/ Mdqxdu|1
^73` Vdqwd0Fodud/ S1 +4<<8,/ *Pdunryldq Duelwudjh0Iuhh Prghov ri wkh Whup Vwuxfwxuh ri Lq0
whuhvw Udwhv*/ Zrunlqj Sdshu/ Dqghuvhq Judgxdwh Vfkrro ri Pdqdjhphqw/ Xqlyhuvlw| ri
Fdoliruqld/ Orv Dqjhohv1
^74` Ydvlfhn/ R1 +4<::,/ *Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup Vwuxfwxuh*/ Mrxuqdo ri
Ilqdqfldo Hfrqrplfv 8/ ss1 4::04;;1
65DSSHQGLFHV
Dsshqgl{ D= H{fkdqjh Udwh Fdofxodwlrqv
Khuh zh ghulyh wkh uhvxow wkdw wkh h{shfwhg glvfuhwh0wlph h{fkdqjh udwh fkdqjh uhwdlqv wkh
olqhdu idfwru vwuxfwxuh zlwklq wkh FLU0fodvv ri prghov1 Zh vwduw iurp wkh lqvwdqwdqhrxv
h{fkdqjh udwh g|qdplfv/ l1h1 htxdwlrq +54, lq wkh pdlq wh{w dqg wdnh frqglwlrqdo h{shfwdwlrqv=
H| ^gv+w,` @
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E| ghqlwlrq/ H|^v+w . ,  v+w,` @
|n￿ ]
|
H| ^gv+x,`> vxfk wkdw soxjjlqj lq


















Qrwh wkdw wkhuh duh hdv| forvhg irup h{suhvvlrqv iru wkh frqglwlrqdo h{shfwdwlrqv ri wkh idfwruv
xqghu wkh dvvxpswlrq ri vtxduh urrw g|qdplfv iru wkh idfwruv +vhh FLU/ 4<;8,=
H| ^I￿ +w . ,` @ ￿ . h{si￿j+I￿ +w,  ￿,= +69,
Soxjjlqj lq wkhvh frqglwlrqdo h{shfwdwlrqv dqg lqwhjudwlqj vxevhtxhqwo| uhvxowv lq wkh ghvluhg
olqhdu idfwru vwuxfwxuh/ dv vwdwhg lq wkh xsshu sdqho ri htxdwlrq +55,1
Dq dqdorjrxv uhdvrqlqj |lhogv wkh orzhu sdqho ri htxdwlrq +55,1
66Dsshqgl{ E= Idfwru Dqdo|vlv dqg Ruwkrjrqdo Urwdwlrq












zkhuh \| lv wkh yhfwru ri ghphdqhg prqwko| |lhog fkdqjhv/ frqwdlqlqj wkh QW |lhog vhulhv ri
wkh iruhljq frxqwu| vwdfnhg xqghuqhdwk wkh Q vhulhv ri wkh grphvwlf frxqwu| +iru frqyhqlhqfh
zh dvvxph QW @ Q khqfhiruwk,/ E lv wkh vr0fdoohg idfwru ordglqj pdwul{ dqg I lv wkh yhfwru
ri idfwruv1
Wkh udqgrp yhfwruv \|c I dqg %| duh dvvxphg wr vdwlvi| =
H +I,@3 >F r y +I,@L>
H +\|,@> Fry+\|,@	
H +%|,@3 >F r y +%|,@ >
+6;,
zkhuh  lv dvvxphg wr eh gldjrqdo +lw vkrxog dozd|v eh yhulhg wkdw wkh r gldjrqdo hohphqwv
duh lqghhg qhjoljleoh,1 Vshfwudo ghfrpsrvlwlrq vwdwhv wkdw dq| uhdo v|pphwulf pdwul{/ vxfk
dv wkh |lhog fryduldqfh pdwul{ 	> fdq eh gldjrqdol}hg lqwr wkh irup=
	@Y Y ￿> +6<,
zkhuh  lv wkh gldjrqdo pdwul{ ri rughuhg hljhqydoxhv ri 	 vxfk wkdw ￿c￿ A 2c2 A= = =A2￿c2￿
dqg wkh froxpqv ri Y duh wkh fruuhvsrqglqj ^5Q  4` ruwkrqrupdo hljhqyhfwruv ri 	1I r u
rxu sxusrvhv/ zh wdnh rxw wkh wkuhh eljjhvw hljhqydoxhv wrjhwkhu zlwk wkhlu fruuhvsrqglqj










Lq wkh frqwh{w ri idfwru prghov/ wkh idfwruv duh w|slfdoo| sruwirolrv ri wudghg vhfxulwlhv1 Khuh




















Wkh urwdwlrq pdwul{ W kdv < hohphqwv exw wkh ruwkrjrqdolw| dvvxpswlrq uhgxfhv wkh iuhh
sdudphwhuv wr wkuhh +Eolvv/ 4<<:,1 Zh exlow W iurp wkuhh ruwkrjrqdo urwdwlrq pdwulfhv/ hdfk
ohdylqj rqh froxpq ri E xqfkdqjhg dqg uhfrpelqlqj wkh wzr uhpdlqlqj froxpqv/ zkloh suh0
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wkhq W+, lv dq ruwkrjrqdo pdwul{ zlwk iuhh sdudphwhuv  @+ ￿>2>￿,￿1 D qrqolqhdu rswlpl}hu
z d vx v h gw rv h d u f kr y h ui h d v l e o hy d o x h vr i￿>2>￿ +lq wkh udqjh ri  wr . udgldov, wr qg
wkh ydoxhv wkdw plqlpl}h wkh devroxwh ydoxh ri wkh grphvwlf idfwru ordglqjv rq wkh iruhljq
orfdo idfwru/ lg hvw hohphqwv  E￿n￿c￿ dqg  E￿c￿1 Wkh ruwkrjrqdolw| hqvxuhv wkdw rxu urwdwhg
idfwruv nhhs h{sodlqlqj dv pxfk yduldelolw| dv wkh ruljlqdo rqhv/ zkloh hfrqrplf vwuxfwxuh lv
lpsrvhg rq wkh  E1 Vlqfh W  W￿ @ L/ lw iroorzv wkdw
E￿I @ E￿ +WW￿,I @  E￿  I> +76,
ru/ wkh urwdwhg idfwru ordglqjv  E￿ @ E￿W dqg idfwruv  I @ W￿I h{sodlq dv pxfk dv wkh ruljlqdo
rqhv1
E| ghqlwlrq/ d orfdo idfwru ri rqh frxqwu| vkrxog kdyh qr gluhfw hhfw rq wkh lqvwdqwdqhrxv
pdwxulw| erqg ri wkh rwkhu frxqwu|1 Wkh lqvwdqwdqhrxv pdwxulw| erqg zloo eh sur{lhg khuh lq
wkh xqfrqglwlrqdo dqdo|vlv e| phdqv ri wkh wkuhh prqwk pdwxulw| erqg +wklv lv qrw wkh fdvh
lq wkh sursrvhg prgho,1 Zh dvvxph wkh uvw urwdwhg idfwru wr eh wkh XN orfdo idfwru/ wkh
vhfrqg wkh frpprq dqg wkh wklug wkh XV orfdo idfwru1 Wr lpsohphqw wklv ghfrpsrvlwlrq/ zh




￿n￿c￿ .  E2
￿c￿ +77,
v=w= +78,
 E @ E￿W+,=
Lq rwkhu zrugv/ zh duh wu|lqj wr qg hfrqrplf phdqlqjixo idfwruv dqg ordglqjv zkloh suhvhuy0
lqj wkh fryduldqfh pdwul{ +dqg khqfh wkh fxpxodwlyh h{sodqdwru| srzhu,1 Qrwh wkdw wkh hfr0
qrplf phdqlqjixoqhvv lv glvfuhwlrqdu| wr vrph h{whqw dqg vkrxog eh lqwhusuhwhg dv frqiruplqj
wr wkh prgho lq vhfwlrq 51 Zh frxog kdyh fkrvhq wr plqlpl}h  E￿
d￿G￿c￿o  Ed￿G￿c￿o.  E￿
d￿n￿c￿o  Ed￿n￿c￿o
lqvwhdg/ lpso|lqj d glhuhqw ghqlwlrq iru *orfdo* idfwruv1 Dovr/ zh frxog kdyh plqlpl}hg wkh
yduldqfh ri  E￿
d￿G￿c2o dqg  E￿
d￿n￿G2￿c2o/ iruflqj wkh vhfrqg idfwru wr uhvhpeoh d ohyho hhfw1 Exw/
lq rughu wr eh frqvlvwhqw zlwk wkh prgho wkdw lv ghyhorshg lq vhfwlrq 5/ zh fkrrvh +78,1
68Dsshqgl{ F= TPO dqg wkh dssur{lpdwh Ndopdq owhu dojr0
ulwkp
F14 Lqwurgxfwlrq dqg uhodwhg olwhudwxuh
*Gdwd* lv mxvw dqrwkhu zrug iru *phdvxuhphqwv*1 Khqfh/ owhulqj xqrevhuyhg vwdwh yduldeohv
iurp +sdqho, gdwd qhfhvvlwdwhv wkh dvvxpswlrq ri qr phdvxuhphqw huuruv ru wkh xvh ri +ds0
sur{lpdwh44, owhulqj whfkqltxhv1 Wkh uvw dssurdfk kdv ehhq iroorzhg e| h1j1 Shduvrq dqg
V x q+ 4 < < 7 ,d q gF k h qd q gV f r w w+ 4 < < 6 ,d q gu h o l h vr qd ql q y h u v l r qr iw k h| l h o gf x u y hv x f kw k d w
wkh vwdwh yduldeohv fdq eh edfnhg rxw vxevhtxhqwo|1 Reylrxvo|/ wkh fkrlfh ri pdwxulwlhv xvhg
lq wkh lqyhuvlrq surfhgxuh lv qrw lqqrfxrxv dqg wkh uhvxowv duh srwhqwldoo| yhu| vhqvlwlyh wr
wkh sduwlfxodu fkrlfh pdgh1 Wkh vhfrqg dssurdfk lv wr dvvxph wkdw doo wkh |lhog vhulhv duh
phdvxuhg zlwk vrph phdvxuhphqw +ru revhuydwlrq, huuru1 Wkh suhvhqfh ri wkhvh phdvxuhphqw
huuruv phdqv wkdw rxu hvwlpdwhg prgho lv exlow xs e| d wkhruhwlfdo whup vwuxfwxuh prgho dqg
d phdvxuhphqw huuru vshflfdwlrq1 Lq wklv fdvh rqh kdv wr uho| rq d owhulqj surfhgxuh wr edfn
rxw wkh vwdwh yduldeohv iurp wkh |lhog fxuyh1 Wkh pdlq uhdvrq iru xvlqj wkh Ndopdq owhu lv
wkdw wkh idfwruv duh xqrevhuydeoh dqg pxvw eh hvwlpdwhg iurp phdvxuhphqwv frqwdplqdwhg
zlwk huuruv1 Wkh dgydqwdjhv ri wkh Ndopdq owhu dojrulwkp duh qxphurxv lq wklv vhwwlqj= pruh
h!flhqw hvwlpdwlrq/ ixoo xvh ri frqglwlrqlqj lqirupdwlrq dqg frpsxwdwlrqdo h!flhqf| gxh wr
lwv uhfxuvlyh fkdudfwhu1 Iru olwhudwxuh wr zklfk wklv whfkqltxh lv uhodwhg/ vhh +fkurqrorjlfdoo|,
Kduyh|/ 4<;</ Shqqdffkl/ 4<<4/ Fkhq dqg Vfrww/ 4<<8/ Vdqwd0Fodud/ 4<<8/ Mhjdghhvk dqg Shq0
qdffkl/ 4<<9/ Edoo dqg Wrurxv/ 4<<9/ Jrqj dqg Uhprodqr/ 4<<9/ Jrqj dqg Uhprodqr/ 4<<:/
Oxqg/ 4<<:/ Gxdq dqg Vlprqdwr/ 4<<</ Edeev dqg Qrzpdq/ 4<<</ dqg gh Mrqj/ 5333,1
F15 Vwdwh vsdfh uhsuhvhqwdwlrq ri wkh vwdwlvwlfdo whup vwuxfwxuh prgho
Wkh vwdwh vsdfh uhsuhvhqwdwlrq ri d prgho frqvlvwv ri d phdvxuhphqw htxdwlrq dqg d wudqvlwlrq
htxdwlrq1 Wkh phdvxuhphqw htxdwlrq prghov wkh furvv0vhfwlrqdo yduldwlrq lq wkh gdwd zkloh
wkh wudqvlwlrq htxdwlrq prghov wkh wlph vhulhv surshuwlhv ri wkh gdwd/ lpsolhg e| wkh idfwru
g|qdplfv1
Prgho=
\\ | @ DD . EE￿ I| . |> | Q+3>K, +79,
I|n{ @ I| . |n{> |n{￿| Q+3>T |,= +7:,
Ghqrwh wkh ^+5Q.4,4` gdwd pdwul{ dv \\ | @^ \|+￿,>===>\ |+￿,>\W
| +￿,>===>\W
| +￿,>v|`￿>
zkhuh v| lv wkh dqqxdol}hg prqwko| orj h{fkdqjh udwh fkdqjh rqh shulrg iruzdug/ w @
44Dq h{dfw owhulqj dojrulwkp lv frpsxwdwlrqdoo| lqihdvleoh +vhh Oxqg/ 4<<:,1 Lqvwhdg uhvhdufkhuv uho| rq
wkh olqhdu Ndopdq owhu dqg +txdvl, pd{lpxp olnholkrrg hvwlpdwlrq/ khqfhiruwk +T,PO1
69i4>===>qgj1 DD> EE> I| dqg | duh ^4  +5Q .4 , ` > ^6  +5Q .4 , ` > ^6  4` dqg ^+5Q .4 , 4`
pdwulfhv1 DD lv frqvwuxfwhg e| vwdfnlqj ￿
￿D+,> ￿
￿DW+, dqg Dr+, qh{w wr hdfk rwkhu/ EE+,
dqdorjrxvo|1
Iru vlpsolflw|/ zh dvvxph wkdw wkh phdvxuhphqw huuruv | duh furvv0vhfwlrqdoo| dqg lq0
whuwhpsrudoo| xqfruuhodwhg=45 K lv d gldjrqdo ^+5Q .4,+5Q .4,`pdwul{ zlwk sdudphwhuv
k2
￿+XN,>k 2
￿+XV,>l@ i4>===>Qj> dqg k2
e146 Wkh dvvxpswlrq ri glhuhqfhv lq wkh gldjrqdo
hohphqwv lv uhdvrqdeoh jlyhq wkdw wudglqj dfwlylw| dqg wkxv wkh elg0dvn vsuhdg lv qrw htxdo
dfurvv glhuhqw pdwxulwlhv dqg erqg pdunhwv1
Doo prgho sdudphwhuv/ dv vxppdul}hg lq wdeoh 7/ duh jdwkhuhg lq wkh sdudphwhu yhfwru &1
F16 Wkh h{dfw Ndopdq owhu dojrulwkp
Lqlwldo frqglwlrq iru vwdwlrqdu| vwdwh yduldeoh yhfwru=
a If @ H ^I|`>
a Sf @ ydu^I|`=
+7;,
Suhglfw=
a I|n{￿| @ H| ^I|n{`@a I|>
a S|n{￿| @ ydu| ^I|n{`@a S|￿ . T|=
+7<,
Xsgdwh=
a I|n{ @ H|n￿ ^I|n{`@ a I|n{￿| . N|n{x|n{>
a S|n{ @ ydu|n￿ ^I|n{`@O| a S|n{￿|>
+83,
zkhuh
N|n{ @ a S|n{￿|EEY 3￿
|n￿>
O|n{ @ L￿f￿  N|n{EE￿=
+84,
Olnholkrrg frqwulexwlrq=
x|n{ @ \\ |n{  DD  EE￿ a I|n{￿|>
Y|n{ @ EE￿ a S|n{￿|EE . K>
dqg
5oqO| @ 5o| @o qmY|m . x￿
|Y 3￿
| x|= +85,
45Zh fdq frqfhswxdoo| jhqhudol}h wkh prgho wr rqh zkhuh wkh huuruv duh furvv0vhfwlrqdoo| ghshqghqw e| oolqj




46Wkh phdvxuhphqw huuru vwdqgdug ghyldwlrq lqwhusuhwdwlrq grhv qrw krog iru r dqg e1L q w k l v s d s h u
zh ghqh 
2
e ' @o| drE| n  3 rE|o n 
2
r1 Wkh huuru lpsolhg e| wkh erqg idfwru prgho dovr lqfrusrudwhv d
suhglfwlrq huuru1 Jlyhq wkdw wklv huuru fdqqrw eh lghqwlhg e| ghqlwlrq lq rxu prgho/ zh djjuhjdwh lw lqwr
r q hv l q j o hv r x u f hr iu l v n /r1
6:Glvwulexwlrq ri wkh hvwlpdwru a i=
Iroorzlqj Prqwh Fduor edvhg hylghqfh lq Gxdq dqg Vlprqdwr +4<<<, dqg gh Mrqj +5333,/
zh dvvxph a & wr eh dv|pswrwlfdoo| frqvlvwhqw/ h!flhqw dqg qrupdoo| glvwulexwhg +vhh iroorzlqj
glvfxvvlrq,1 Wkh urexvw vwdqgdug huuruv uhsruwhg lq wdeoh 7 duh ghulyhg iurp wkh vr0fdoohg
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dqg i| duh pdwulfhv ri glphqvlrq
^4qs`> ^+5Q .4,qs`> ^+5Q .4,2qs` dqg ^qsqs` uhvshfwlyho| +qs vwdqgv iru wkh qxpehu
ri prgho sdudphwhuv lq a &,1
Wkh Ndopdq owhu lv d uhfxuvlyh dojrulwkp iru frpsxwlqj wkh pdwkhpdwlfdo h{shfwdwlrq
ri d klgghq vwdwh yhfwru I|/ frqglwlrqdo rq revhuylqj d klvwru| ri qrlv| vljqdov rq wkh klgghq
vwdwh/ H|^I|m\\ |>\\ |3￿>===>\ \f`1 Lqirupdwlrq derxw I| vwhpv iurp wzr vrxufhv= wkh suhglfwhg
ydoxh +ghwhuplqhg e| wkh klvwrulf whup vwuxfwxuhv dqg wkh dvvxphg idfwru g|qdplfv, dqg wkh
revhuyhg whup vwuxfwxuh dw wlph w1 Erwk vrxufhv frqwdlq vrph huuru1 Wkh suhglfwlrq ehfdxvh
ri wkh lqqrydwlrqv lq wkh vwdwh yduldeohv ehwzhhq w dqg w .4dv zhoo dv wkh xqfhuwdlqw|
derxw wkh hvwlpdwh/ wkh revhuydwlrqv ehfdxvh ri srwhqwldo phdvxuhphqw huuruv1 Wkh rswlpdo
olqhdu suhglfwru lv iruphg e| frpelqlqj wkhvh wzr slhfhv ri lqirupdwlrq/ dqg wkh Ndopdq
owhu vroyhv wklv sureohp1 Wkh zhljkwv jlyhq wr wkh lqwhuhvw udwhv dqg wr wkh suhglfwlrq
ghshqg rq wkh uhodwlyh vl}hv ri wkhlu fryduldqfh pdwulfhv/ vr li wkh lqwhuhvw udwhv duh yhu|
qrlv|/ wkh xsgdwhg hvwlpdwhg suhglfwru zloo glhu rqo| olwwoh iurp wkh h{ dqwh suhglfwru1 Wr
vxppdul}h/ wkh Ndopdq owhu surfhgxuh xsgdwhv wkh hvwlpdwlrq hyhu| wlph d qhz revhuydwlrq
ehfrphv dydlodeoh1 Wkh owhu uvw irupv dq rswlpdo olqhdu suhglfwru ri wkh xqrevhuyhg vwdwh
yduldeohv/ frqglwlrqdo rq wkh suhylrxv hvwlpdwhg ydoxhv1 Wkhvh hvwlpdwhv iru wkh xqrevhuyhg
vwdwh yduldeohv duh wkhq xsgdwhg xvlqj wkh lqirupdwlrq surylghg e| wkh revhuyhg yduldeohv1
Dv d e|0surgxfw wkh owhu surylghv wwlqj huuruv wrjhwkhu zlwk wkhlu frqglwlrqdo yduldqfh wkdw
fdq eh xvhg wr frqvwuxfw wkh txdvl0orjolnholkrrg ixqfwlrq/ zklfk lq lwv wxuq fdq eh xvhg wr
qg PO hvwlpdwhv ri wkh sdudphwhuv jryhuqlqj wkh g|qdplfv ri wkh vwdwh yduldeohv dqg wkh
|lhog fxuyh1
6;F17 Vwdwlvwlfdo lqihuhqfh frqvlghudwlrqv
Wkh lqwhuwhpsrudo glphqvlrq ri wkh gdwd lv prghohg wkurxjk wkh wudqvlwlrq htxdwlrq1 Wkh
odwwhu ghvfulehv wkh g|qdplfv ri wkh vwdwh yduldeohv exw grhv qrw uho| rq d frpsohwh fkdudfwhu0
l}dwlrq ri wkh wudqvlwlrq glvwulexwlrq +zklfk lv wkh surgxfw ri 6 qrq0fhqwudo "2 glvwulexwlrqv lq
wkh fdvh ri lqghshqghqw idfwruv,1 Lqvwhdg/ lw xvhv d sduwldo fkdudfwhul}dwlrq irfxvvlqj rq wkh
d!qh irup ri wkh uvw wzr prphqwv rqo|1 Wkhvh wzr prphqwv fdswxuh doo lqirupdwlrq lq fdvh
zh zrxog eh ghdolqj zlwk d pxowlyduldwh Jdxvvldq prgho/ dqg khqfh wkh pd{lpxp olnholkrrg
lqihuhqfh zlwk d olqhdu Ndopdq owhu lv h{dfw1 Wkh sulpdu| dsshdo ri wkh h{dfw pd{lpxp olnh0
olkrrg whfkqltxh vwhpv iurp wkh zhoo nqrzq rswlpdolw| frqglwlrqv ri wkh uhvxowlqj hvwlpdwru
xqghu wkhvh lghdo frqglwlrqv= wkh hvwlpdwru lv frqvlvwhqw/ h!flhqw dqg dv|pswrwlfdoo| qrupdoo|
glvwulexwhg1 Iru rxu qrq0Jdxvvldq prgho d olqhdu Ndopdq owhu lv qrw rswlpdo exw wkh pd{0
lpxp olnholkrrg hvwlpdwlrq whfkqltxh edvhg rq wkh Jdxvvldq ghqvlw| pd| eh jlyhq d txdvl
pd{lpxp olnholkrrg lqwhusuhwdwlrq dqg lv rswlpdo zlwklq wkh fodvv ri doo olqhdu hvwlpdwruv147
47Iroorzlqj Gxdq dqg Vlprqdwr +4<<<, dqg gh Mrqj +5333,/ zh uhiudlq iurp lpsohphqwlqj wkh h{dfw exw frp0
sxwdwlrqdoo| xqihdvleoh owhulqj uhfxuvlrqv +Kduyh|/ 4<;</ ss1 4950498, dqg dsso| d Jdxvvldq TPO dssurdfk
lqvwhdg/ vwloo edvhg rq d olqhdu Ndopdq owhu1 Wklv dssurdfk |lhogv dq dv|pswrwlfdoo| frqvlvwhqw dqg h!flhqw
hvwlpdwru +vhh Eroohuvohy dqg Zrroulgjh/ 4<<5/ iru d surri,1 Wkhuh duh/ krzhyhu/ wzr vxewohwlhv wkdw lqydolgdwh
wkh deryh dqg uhqghu lw dq dssur{lpdwlrq zlwk xqnqrzq wkhruhwlfdo surshuwlhv1 Iluvw/ wkh idfwruv wkhpvhoyhv
duh odwhqw dqg edvhg xsrq d olqhdu suhglfwlrq1 Wkhvh suhglfwhg vwdwh yduldeohv zloo hqwhu lq wkh frqglwlrqdo
phdq dqg yduldqfh lpsxwlqj huuruv lq wkh olnholkrrg ixqfwlrq1 Vhfrqg/ wkh Ndopdq owhu dojrulwkp lv rqo|
olqhdu dv orqj dv wkh vwdwh yduldeohv duh srvlwlyh1 Wkhvh frpsolfdwlrqv pdnh wkh TPO hvwlpdwru dv|pswrwlfdoo|
frqvlvwhqw dqg h!flhqw rqo| lq dq dssur{lpdwh vhqvh1
Krzhyhu/ wr dvvhvv wkh txdolw| ri wklv dssur{lpdwlrq/ Gxdq dqg Vlprqdwr +4<<<, dqg gh Mrqj +5333, shuirup
Prqwh Fduor dqdo|vhv dqg frqfoxgh wkdw wkh huuru lpsolhg lv qhjoljleoh iru uhdvrqdeoh sdudphwhu yhfwru frq0
vwhoodwlrqv zlwklq wkh h{srqhqwldo0d!qh fodvv ri whup vwuxfwxuh prghov1 Pruhryhu/ Gxhh dqg Vwdqwrq +5333,
dgyrfdwh wkh xvh ri wkh olqhdu Ndopdq owhu deryh HPP dqg dq VQS dx{loldu| prgho hvwlpdwlrq dssurdfk
+vhh Jdoodqw dqg Wdxfkhq/ 4<<5,1
Khqfh zh glvfdug wkh srwhqwldo eldvhv dqg dvvxph wkh dssur{lpdwh TPO hvwlpdwru wr eh dv|pswrwlfdoo|
f r q v l v w h q wd q gh ! f l h q wv x f kw k d wl wf d qe hx v h gi r uv w d w l v w l f d ol q i h u h q f h 1
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